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1 Introduction

A subRiemannian manifold as a triplet (M, A, go) where M is a connected, smooth
manifold of dimensionn € N, A denotes a subbundle of 7 M bracket-generating T M,
and g is a positive definite smooth, bilinear form on A, see for instance [66]. Similarly
to the Riemannian setting, one endows (M, A, go) with a metric space structure by
defining the Carnot—Caratheodory (CC) control distance: For any pair x, y € M set

do(x, y) = inf{8 > 0 such that there exists a curve y € C*°([0, 1]; M)
with endpoints x, y such that y € A(y) and |y |, < J}.
Curves whose velocity vector lies in A are called horizontal, their length is defined
in an obvious way. Subriemannian metrics can be defined, by prescribing a smooth
distributions of vector fields X = (X1, ..., X;;) in R", orthonormal with respect to
g0, and satisfying the Hérmander finite rank condition

rank Lie(X1,..., Xn)(x) =n, Vx e Q. (1.1)

When attempting to extend known Riemannian results to the subRiemannian setting
one naturally is led to approximating the sub-Riemannian metric (and the associated
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Regularity for subelliptic PDE. .. 175

distance function dy(-, -)) with a one-parameter family of degenerating Riemannian
metric (associated to distance functions d. (-, -)), which converge in the Gromov—
Hausdorff sense as € — 0 to the original one. This approximation is described
in detail in from the point of view of the distance functions in Sect. 2.2 and from
the point of view of the Riemannian setting in Definition 3.7. The approximating
distance functions d. can be defined in terms of an extended generating frame of
smooth vector fields X, ...,X;, with p > nand X; = X; fori = 1,...,m, that
converges/collapses uniformly on compact sets to the original family X1, ..., X,, as
€ — 0. This frame includes all the higher order commutators needed to bracket gen-
erate the tangent space. When coupled with uniform estimates, this method provides
a strategy to extend known Riemannian results to the subRiemannian setting. Such
approximations have been widely used since the mid-80’s in a variety of contexts. As
example we recall the work of Debiard [33], Koranyi [55,56], Ge [45], Rumin [77]
as well as the references in [67] and [68]. More recently this technique has been used
in the study of minimal surfaces and mean curvature flow in the Heisenberg group.
Starting from the existence theorem of Pauls [71], and Cheng et al. [24], to the regu-
larity results by Manfredini and the authors [15,16]. Our work is largely inspired to
the results of Manfredini and one of us [27] where the Nagel et al. estimates for the
fundamental solution of subLaplacians have been extended to the Riemannian approx-
imants uniformly as € — 0. In the following we list in more detail the nature of the
stability estimates we investigate. Given a Riemannian manifold (M", g), with a Rie-
mannian smooth volume form expressed in local coordinates (x1, ..., x,) as d vol =
J/8dx\ ...dxy,, one can consider the corresponding heat operator acting on functions
u:M— R,

n
Lou = du — % Z 9; (\/ggi/aju) .

ij=1

The study of such operators is closely related to certain geometric and analytic esti-
mates, namely: For K CC M and ry > 0 there exists positive constants Cp, Cp, ..
below depending on K, rg, g such that for all x € K and 0 < r < rg, one has

e (Doubling property)
vol(B(x,r)) > Cpvol(B(x,2r)); (1.2)
e (Poincaré inequality) fB(”) lu — up(x.ryldvol < Cpr fB(x,2r) |Veuldvol;

o (Gaussian estimates) If /1, denotes the heat kernel of L, x, y € M and ¢ > 0 one
has

2
C; ' (ol (B(x, V1)) ™" exp (Ag@)

2
—d(x;” ) (1.3)

< |h(x, y,1) < Cg(vol(B(x, V1)) exp (Bg
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176 L. Capogna, G. Citti

and if appropriate curvature conditions hold

’

d(x, y)?
107 0;y -+ - 0y h(x, y, 1, 5) < Cs,k,gt_x_% (vol(B(x,t — 5))) ™/ exp (30@)

t—s

(1.4)

o (Parabolic Harnack inequality) If Ley =0in Q = M x (0, T) and u > 0O then

sup u=<Cq inf u. (1.5)
B(x.r)x (t—12,1—r2/2) B(x,r)x(t4r?/2,14r2)

The connections between such estimates was made evident in the work of Saloff-Coste
[78] and Grigoryan [46], who independently established the equivalence

(Poincare) + (Doubling) <=> Gaussian estimates (1.3)

<=> Parabolic Harnack inequality (1.5).

See also related works by Biroli and Mosco [6], and Sturm [80].

This paper aims at describing the behavior of such estimates along a sequence of
metrics ge, that collapse to a subRiemannian structure as € — 0. We will prove that the
estimates are stable as € — 0 and explore some of the consequences of this stability.
Although, thanks to the work of Jerison [52], Nagel et al. [70] and Jerison and Sanchez-
Calle [53], the Poincare inequality, the doubling property and the Gaussian bounds are
well known for subRiemannian structures, it is not immediate that they continue to hold
uniformly in the approximation as € — 0. For one thing, the Riemannian curvature
tensorisunbounded as € — 0, thus preventing the use of Li- Yau’s estimates. Moreover,
as € — 0 the Hausdorff dimension of the metric spaces (M, d¢), where d. denotes
the distance function associated to g., typically does not remain constant and in fact
increases at € = 0 to the homogeneous dimension associated to the subRimannian
structure. The term multiscale from the title reflects the fact that the blow up of the
metric as € — 0is Riemannian at scales less than € and subRiemannian at larger scales.

To illustrate our work we introduce a prototype for the class of spaces we investigate,
we consider the manifold M = R? x S!, with coordinates (x1, x2, 0). The horizontal
distribution is given by

A = span{Xy, X»}, with X| = cos@0y, + sin60y,, and Xo = dy.

The subRiemannian metric gg is defined so that X and X, form a orthonormal basis.
This is the group of Euclidean isometries defined below in Example 2.1. Foreach e > 0
we also consider the Riemannian metric g, on M uniquely defined by the requirement
that X1, X», € X3 is an orthonormal basis, with X3 = —sin6d,, + cos 69y,. Denote
by d. the corresponding Riemannian distance, by X the adjoint of X; with respect
to Lebesgue measure and by I'c the fundamental solution of the Laplace-Beltrami
operator L, = Z?:] X l* X;. Since L. is uniformly elliptic, then there exists Ce¢, Re >
0 such that for de¢ (x, y) < Rc the fundamental solution will satisfy

C7lde(x, )7 < Te(x, y) < Code(x, )7
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Regularity for subelliptic PDE. .. 177

As € — 0 this estimate will degenerate in the following way: R, — 0, Cc — oo and
for € = 0 one will eventually have

To(x, y) ~ do(x, y) 2.

As a result of the work in [70] one has that for each € > 0 there exists C. > 0 such
that

o dX(x,y) d?(x,y)
1 ZeM V) Te(x, Cc— e
Bordoe, ]~ <Y =SB dat )l

The main result of [27] was to provide stable bounds for the fundamental solution
by proving that one can choose C. independent of € as ¢ — 0. In this paper we
extend such stable bounds to the degenerate parabolic setting and to the more general
subRiemannian setting.

Since our results will be local in nature, unless explicitly stated we will always
assume that M = R” and use as volume the Lebesgue measure. The first result we
present is due to Rea and the authors [18] and concerns stability of the doubling
property.

Theorem 1.1 For every €9 > 0, and K CC R" there exist constants R,C > 0
depending on K, €y and on the subRiemannian structure, such that for every € €
[0,€0], x e Kand O <r < R,

|Be(x, 2r)| < C|Be(x, 1)l

Here we have denoted by B¢ the balls related to the d. distance function.

We present here a rather detailed proof of this result, amending some minor gaps
in the exposition in [18]. If the subRiemannian structure is equiregular, as an original
contribution of this paper, in Theorem 3.10 we also present a quantitative version of
this result, by introducing an explicit quasi-norms equivalent to d.. These families of
quasi-norms play a role analogue to the one played by the Koranyi Gauge quasi-norm
(2.5) in the Heisenberg group. We also sketch the proof of the stability of Jerison’s
Poincare inequality from [18].

Theorem 1.2 Let K CC R” and €y > 0. The vector fields (Xf)izl...p satisfy the
Poincare inequality

/ lu —up (xr)ldx < CP/ |Vuldx
Be(x,R) Be(x,2r)

with a constant C p depending on K, €y and the subRiemannian structure, but indepen-
dent of €. Here we have denoted by V°u the gradient of u along the frame X, .. ., X;.

Our next results concerns the stability, as € — 0, of the Gaussian estimates for the
heat kernels associated to the family of second order, sub-elliptic differential equations
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178 L. Capogna, G. Citti

in non divergence form

p
Le au = du — Z aijfX;u =0,
i,j=1

inacylinder Q = Q x (0, T). Here {afj}i, j=1,...,p 1s a constant real matrix such that

,,,,,

p
%A”;s Z afjikj < 2A Zé,, (1.6)

i,j=1

for all £ € R?, uniformly in € > 0 and

m m m
TIYE < D afEE < A 8 (1.7)
i=1 i,j=1 i=1

forall§ e R" and € > 0.

Theorem 1.3 Let K CC R", A > 0 and ¢y > 0. The fundamental solution I'c s of
the operator Ly, is a kernel with exponential decay of order 2, uniform with respect
to € € [0, €g] and for any coefficients matrix A satisfying the bounds above for the
fixed A > 0. In particular, the following estimates hold:

e Forevery K CC K2 there exists a constant Cp > 0 depending on A but indepen-
dent of € € [0, €q], and of the matrix A such that for each € € [0, €], x,y € K
andt > 0 one has

x. 2
,16 —Cpdele? ( ¢ o s
E,AE xs y’t S AT~ .
A Bo(x, f)| IB(x NOI
e Fors € Nandk-tuple (i1, ...,ix) € {1,... ,m}k there exists a constant Cs j > 0
depending only on 'k, s, X1, ..., Xm, A such that
A 72s ke degA‘t)
X - Xi, Pepe)(x, y, )| < Cy p————— 1.9
|([ i ir e, A )( Yy )| sk |B (x \/_)l ( )
forallx,y € K andt > 0.
e Forany A1, Ar € My, s € Nand k-tuple (i1, ...,ix) € {1,. ..,m}k there exists
Cs.x > Odepending only on'k, s, X1, ..., X, A such that
[ Xiy -+ Xiy Pea)(x, y, 1) — 3 Xiy -+ Xjy Pe ay) (x, y, 1]
heas—k _ dex.n)?
t e Cpt
< [|A] — A2||Cs & (1.10)

T Be(x, VD
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Regularity for subelliptic PDE. .. 179

2. 2
where ||A||? = Z;”jzl a;.

Moreover, if T'y denotes the fundamental solution of the operator L, =
> a?inXj, then one has

Xfl-ankafI‘E,Ae —>Xl~,~--X,»k8tSFAo (111)
as € — 0 uniformly on compact sets and in a dominated way on subcompacts of 2.

This theorem extends to the general Hormander vector fields setting analogue results
proved by Manfredini and the authors in [17], in the setting of Carnot groups.

In a similar fashion, one of our main result in this paper is the extension to the
Hormander vector fields setting of the Carnot groups Schauder estimates established
in previous work with Manfredini in [17]. To prove such extension we combine the
Gaussian bounds above with arefined version of Rothschild and Stein [76] freezing and
lifting scheme, adapted to the multi-scale setting, to establish Schauder type estimates
which are uniformin e € [0, €g], for the family of second order, sub-elliptic differential
equations in non divergence form

n
Leacu=du— Y a5, )X{X5u =0, (1.12)
ij=1

in a cylinder Q = Q x (0, T'). Our standing assumption is that the coefficients of the
operator satisfy (1.6), and (1.7) for some fixed A > 0.

Theorem 1.4 Leta € (0, 1), f € C*®(Q) and w be a smooth solution of L¢ s4cw = f
on Q. Let K be a compact sets such that K CC Q, set 26 = dy(K, 9, Q) and denote
by Ks the 8-tubular neighborhood of K. Assume that there exists a constant C > 0
such that

€

la;

. <
illckg s = €

for some value k € N and for every € € [0, €g]. There exists a constant C; > 0
depending on o, C, €, §, and the constants in Proposition 5.2, but independent of e,
such that

w +2.a < C e, + +1,a .
|| ||C§ 2, (K) = 1 (||f||cé: (Ks) ||w||(£‘ 1, (Ké))
Here we have set

lu(x, 1) — u(xo, f0)|

llullce (o) = sup = + sup [ul.
X n#Gon) d2((x, 1), (X0, %)) 0
and if k > 1 we have let u € C?:;(Q) ifforalli =1,...,m, one has X; € Cf’}]’a

(D).
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180 L. Capogna, G. Citti

Analogous estimates in the L? spaces, for operators independent of € are well
known (see for instance [76] for the constant coefficient case and [9] for the Carnot
group setting). Our result yield a stable version, as € — 0, of such estimates, which
is valid for any family of Hérmander vector fields.

Theorem 1.5 Leta € (0, 1), f € C*°(Q) and w be a smooth solution of Lc aw = f
on Q. Let K be a compact sets such that K CC Q, set 26 = do(K, 9, Q) and denote
by K the é-tubular neighborhood of K. Assume that there exists a constant C > (0
such that

€

N <
eIt s,y = €.

for some value k € N and for every € € [0, €g]. For any p > 1, there exists a
constant C1 > 0 depending on p, o, C, €, §, and the constants in Proposition 5.2,
but independent of €, such that

p < D .
1wllys2 gy < € (||f||W5;((K5) + ”w”wf}'*mw)

€,

Here we have set

k
llwllyep = DX X wllLe.

i=1|I|=i

We conclude the paper with two, related, groups of applications of our stability
results. In the first we recall the notion of p-admissible structure (Definition 7.1),
originally introduced by Hajlasz and Koskela in [48]. This class of spaces supports
a rich analytic structure and allows for the development of a first-order (in the sense
of derivatives up to order one) potential theory. We review some recent results by the
authors and collaborators [1,18] concerning Harnack inequalities for weak solutions
of classes of quasilinear degenerate parabolic PDE in such spaces. The main point of
the section is that in view of Theorems 1.1 and 1.2, the Riemannian approximations of
a subRiemannian structure satisfy the hypothesis of p-admissible structure uniformly
in € > 0. Consequently, the Harnack inequalities hold uniformly across all scales.
This provides a powerful technique in the study of degenerate elliptic and parabolic
problems through the process of regularization and approximation. To exemplify this
observation in a simple case, we consider approximating Riemannian metrics g, with
generating frame X7{, ..., X, defined in an open set 2 C R", and a family of diver-
gence form parabolic linear equations analogue to (1.12), i.e.

n
Leau=du— > X{™ (. x.HX5u) =0, (1.13)
ij=1

in a cylinder O = Q2 x (0, T'). We assume that the coefficients of the operator depend
smoothly on u and satisfy (1.6), and (1.7) for some fixed A > 0. Thanks to the stability
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Regularity for subelliptic PDE. .. 181

estimates one can prove that there exists positive constants C, R > 0 depending only
on the fixed subRiemannian structure, but independent of €, such that for any € > 0
and any non-negative weak solution # > 0 of (1.13), one has

sup u <C inf u
Be(x,r) Be(x,r)

for any metric ball B¢ (x, 4r) C Qand0 < r < R.Clearly this yields Holder regularity
for u that is stable as € — 0. Applying the Schauder estimates from Theorem 1.4 one
obtains higher order regularity, uniformly in ¢ — 0 and so in particular we obtain
smoothness of solutions in the case € = 0. For further details and for a more general
version of this result, applied to weak solutions of quasilinear equations, we refer the
reader to Theorem 7.5.

In the last section we discuss one of the motivating applications of our work. We
outline how the structure stability results, the stability of the Schauder estimates and
of the Harnack inequalities can be used to prove regularity and long time existence
theorems for solutions of the subRiemannian mean curvature flow and the total cur-
vature flow of graphs over bounded sets in step 2 Carnot groups and even in some
non-nilpotent Lie groups. This is part of the work developed by the authors jointly
with Maria Manfredini in [14, 17]. The notion of horizontal, or p-mean curvature has
arisen in the last 10 years thanks to the work of many researchers. The two main moti-
vations are Pansu conjecture, concerning the isoperimetric profile of the Heisenberg
group [19,26,43,49,51,69,73-75]; and the existence, regularity and uniqueness of
minimals surfaces [20-25,31,32,50,71], and [72]. The mean curvature flow and the
total curvature flow arise in connection to gradient descent for the perimeter functional
and as such can be used for both applications. Very little is known about both flows in
the subRiemannian setting and as far as we know the results in [14,17] are the first to
establish existence of long time smooth flows. For other contributions to this topics,
from different points of view, we recall the recent work in [35,36].

2 Definitions and preliminary results

Let X = (X1, ..., X;») denote a collection of smooth vector fields defined in an open
subset Q C R” satisfying Hormander’s finite rank condition (1.1), that is there exists
an integer s such that the set of all vector fields, along with their commutators up to
order s spans R" for every point in 2,

rank Lie(X1, ..., X;;)(x) =n, foralllx € Q. 2.1

Example 2.1 The standard example for such families is the Heisenberg group H'.
This is a Lie group whose underlying manifold is R3 and is endowed with a group law
(1, x2, x3) (Y1, ¥2, ¥3) = (X1 + y1, X2 + y2, X3 + y3 — (x2y1 — x1y2)). With respect
to such law one has that the vector fields X| = 0y; — x20y, and X7 = 0y, + x10,; are
left-invariant. Together with their commutator [ X, X;] = 20, they yield a basis of
R3. A second example is given by the classical group of rigid motions of the plane, also
known as the roto-translation group R7T . This is a Lie group with underlying manifold
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182 L. Capogna, G. Citti

R2 x $! and a group law (x1, x2, 01)(y1, y2,62) = (x1 + y1cos@ — y»sinf, x3 +
yi1sinf + yp cos6, 01 + 60;).

Following Nagel, Stein and Wainger, [70, page 104] we define
XV = (X1, ... X}, XP ={[X1. X2), ... [X—t, X} ete... (22)

letting X &) denote the set of all commutators of order k = 1, ..., r. Indicate by
Yy, ..., Y, an enumeration of the components of XD x@ . X" guchthat; =
X; foreveryi < m.If Y, € X we say that Y} has a formal degree d(Y) = d (k) = i.
The collection of vector fields {Y1, ..., Y,} spans R" at every point.

Example 2.2 1If we consider the Heisenberg group vector fields X| = dy; — x20y; and
X2 = 0y, + x10y; With (x1, x2,x3) € R3, then X := {X1, X5} and X® = {20, ).
If we instead consider the vectors arising from the group of roto-translations one has
X1 = c0s 0dy, +sin Oy, and X2 = 3 with (x, x2,0) € RZxStand XV = (X, X}
and X = {sin0d,, — cos 8, }.

Example 2.3 Note that the sets X @ may have non-trivial intersection. For instance,
consider the vector fields

X1 =cos60y, +sinfoy,; Xo =0p; X3 = 0xy; and X4 = x328x4
in (x1, x2, x3, x4, 0) € R* x S!. In this case r = 3 and

XM = (X, X2, X3, X4}; X®
= {sin0d,, — cosHd,,, 2x30,,}; and X¥ = (£X,28,,}

with Y1 = X1, ..., Y4 = X4, Y5 = sinf9y, — cosO0y,, y6 = 2x30x,, Y7 = X1, Vg =
—X1, and Yo = 20,,.

2.1 Carnot—Caratheodory distance

For each x, y € 2 and § > 0 denote by I'(8) the space of all absolutely continuous
curves y : [0, 1] — R",joining x to y (i.e., ¥ (0) = x and y (1) = y) which are tangent
a.e. to the horizontal distribution span{X1, ..., X;,}, and such that if we write

y' (1) =D i) Xilya).

i=1

then Z;”zl laj ()| < §ae.t € [0, 1]. The Carnot—Caratheodory distance between x
and y is defined to be

do(x,y) = S. 2.3)

inf
I'(6)#ZEmpty Set
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Regularity for subelliptic PDE. .. 183

In [70], the authors introduce several other distances that eventually are proved to
be equivalent to dp(x, y). The equivalence itself yields new insight into the Carnot—
Caratheodory distance. Because of this, we will remind the reader of one of these
distances. For each x, y € € and § > 0 denote by ['(8) the space of all absolutely
continuous curves y : [0, 1] — R”, joining x to y and such that if one writes

P
') = Bi®)Yilyw,
i=1
then |B; ()| < 8. One then sets

dx,y) = inf 6.
f‘(S);éEmpty Set

It is fairly straightforward (see [70, Proposition 1.1] to see that

Proposition 2.4 The function d is a distance Sfunction in Q and for any K CC Q
there exists C = C(X1, ..., X, K) > 0 such that

Cllx =yl =d(x, y) < Clx — y"& 40,
It is far less trivial to prove the following (see [70, Theorem 4])

Theorem 2.5 The distance functions dy and d are equivalent.

2.2 The approximating distances

There are several possibile definitions for Riemannian distance functions which
approximate a Carnot—Caratheodory metric in the Gromov-Hausdroff sense.

Definition 2.6 Let {Yy,...,Y,} be a generating family of vector fields constructed
as in (2.2) from a family of Hérmander vector fields X1, ..., X,,. For every € > 0
denote by d. (-, -) the Carnot—Caratheodory metric associated to the family of vector
fields (XS, ..., X;), defined as

Yi lfl fm,
X =1edO-ly, ifm+1<i<p, . 24
Yi pim ifp+1<i<2p—m

We will also define an extension of the degree function, setting d.(i) = 1 for all
i <p,anddc(i) =d(i — p+m)ifi > p+ 1. In order to simplify notations we will
denote X = X°, dy = d and use the same notation for both families of vector fields
(dependent or independent of ¢).
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Note that for every € € (0, €) the sets {X?} extends the original family of vector
fields (X;) to a new families of vector fields satisfying assumption (I) on page 107
[70], i.e. there exist smooth functions cé «» depending on €, such that

[(X&. Xg1= > dhxf
de (1) <dc (j)+de (k)

and

{Xj}fl;?m span R”" at every point .
Remark 2.7 Note that the coefficients ¢/, « Will be unbounded as € — 0. In principle
this could be a problem as the doubling constant in the proof in [70] depends indirectly
from the C” norm of these functions. In this survey we will describe a result, originally
proved in [18], showing that this is not the case.

Remark 2.8 1t follows immediately from the definition that for fixed x, y € Q the
function dc(x, y) is decreasing in € and for every € € (0, €),

do(x,y) = de(x,y)

Remark 2.9 Let us consider a special case where dim span (X1, ..., X;;) is constant
and the vector fields X1, ..., X, are chosen to be linearly independent in 2. In this
case we can consider two positive defined symmetric quadratic forms gg, and A defined
respectively on the distribution H(x) = span (Xy, ..., X;;)(x), for x €  and on
H=+(x). The product metric go @ X is then a Riemannian metric on all of 7'<2. The
form g is called a subRiemannian metric on €2, corresponding to H. Next, for every
€ € (0, €] reconsider the rescaled metric g, := go @ €11 and the corresponding
Riemannian distance function de in 2. The latter is bi-Lipschitz equivalent to the
distance d, defined above. In [45, Theorem 1.1] Ge proved that that as metric spaces, the
sequence (€2, d¢) converges to (€2, dp) as € — 0 in the sense of Gromov—Hausdorff.
In this limit the Hausdorff dimension of the space degenerates from coinciding with
the topological dimension, for € > 0, to a value Q > n which may change from
open set to open set. We will go more in detail about this point in the next section. In
this sense the limiting approximation scheme we are using can be described by the
collapsing of a family of Riemannian metric to a subRiemannian metric. See also [68,
Theorem 1.2.1] for yet another related Riemannian approximation scheme.

Remark 2.10 From different perspectives, note that the subLaplacian associated to
the family X¢, ..., X§ ie. Lu = > 1", Xf’zu is an elliptic operator for all € > 0,
degenerating to a subelliptic operator for € = 0.

2.3 A special case: the Heisenberg group H!

In this section we describe the behavior of the distance de (and of the corresponding
metric balls B¢ (x, r) as € — 0, by looking at the special case of the Heisenber group.
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In this setting we will also provide an elementary argument showing that the doubling
property holds uniformly as € — 0.

Consider the vector fields from Example 2.1 X| = 0y, — X203, X2 = 0y, + X10x;
and X3 = 9y, with (x1, x2, x3) € R3. The Carnot—Carathéodory distance dy associated
to the subRiemannian metric defined by the orthonormal frame X, X» is equivalent
to a more explicitly defined pseudo-distance function, that we call gauge distance,
defined as

2
|x|4 = (x12 —i—x%) +x32, and p(x,y) = |y_1x|, 2.5)

1 1

where y™' = (—y1, —y2, —y3)and y~ 'x = (x1—y1, x2—y2, Xx3—y3— (y1x2—X1)2))

is the Heisenberg group multiplication.

Lemma 2.11 For each x € R3,
A7Mx| < do(x, 0) < Alx], (2.6)

for some constant A > Q.

Proof Observe that the 1-parameter family of diffeomorpthisms
(x1, X2, X3) — 83(x1, X2, x3) := (Ax1, Ax2, A2x3)

satisfies [, (x)|] = Alx|, and d6,X; = AX; o 4, for i = 1,2. Consequently
do(6(x), 8,(y)) = Adp(x, y), and 6, (B(0, 1)) = B(0, 1). Since the unit ball B(0, 1)
is a bounded open neighborhood of the origin, it will contain a set of the form |x| < A™!
and will be contained in a set of the form |x| < A. By applying §; we then have that
for any R > 0,

{x e R3x| < A—lR} C B0, R) C {x e R¥||x| < AR}

concluding the proof of (2.6). O

Remark 2.12 Since the Heisenberg group is a Lie group, then it is natural to use a
left-invariant volume form to measure the size of sets, namely the Haar measure. It is
not difficult to see [29] that the Haar measure coincides with the Lebesgue measure in
R3. It follows immediately from the previous lemma that the corresponding volume
of aball B(x, r) is

|B(x,r)| = Cr?. 2.7)

As a consequence one can show that the Hausdorff dimension of the metric space
(H!, dy) is 4. The Hausdorff dimension of any horizontal curve (i.e. tangent to the
distribution generated by X and X»)is 1, while the Hausdorff dimension of the vertical
z-axis is 2.

Next we turn our attention to the balls in the metrics g. and the associated distance
functions d.. To better describe the approximate shape of such balls we define the
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pseudo-distance function dg ¢ (x,y) = Ne (y_lx) corresponding to the regularized
gauge function

N?(x) = x? 4 x3 4+ min [|x3|, e—2x§]. (2.8)
Our next goal is to show that the Riemannian distance function d, is well approximated
by the gauge pseudo-distance dg .

Lemma 2.13 There exists A > 0 independent of € such that for all x, y € R3
A7ldge(x,y) < de(x,y) < Adg.e(x, ). 2.9

The estimate (2.9) yields immediately
Corollary 2.14 The doubling property holds uniformly in € > 0.

Remark 2.15 Before proving (2.9) it is useful to examine a specific example: compare
two trajectories from the origin 0 = (0, 0, 0) to the point x = (0, 0, x3). The first is
the segment y; defined by s — (0, 0, x3s), for s € [0, 1]. The length of this segment
in the Riemannian metric g€ given by the orthonormal frame X1, X», € X3 is

Le(y1) = € xs).

We also consider a second trajectory y» given by the subRiemannian geodesic between
the two points. In view of (2.6) the length of this curve in the subRiemannian metric
g defined by the orthonormal frame X1, X is proportional to /[x3] and coincides
with the length in the Riemannian metric g€, i.e.

Le(y2) = Lo(y2) =~ V/Ix3].

Since d is computed by selecting the shortest path between two points in the g€ metric,
then if /[x3] > € one will have d. (x, 0) < /]x3] & N.(x), whereas at small scales
(i.e. for do(x, 0) < €) one will have d, (x, 0) < €~!|x3|. By left translation invariance
of dg e we have that for any two points x = (x1, x2, s) and x’ = (x1, x2, 1),

de(x, x') < Cmin (e*‘|t—s|,,/|t—s|). (2.10)

From this simple example one can expect that at large scale (i.e. for points
d(x,0) > €) the Riemannian and the subRiemannian distances are approximately
the same d, (x, 0) ~ dy(x, 0).

Proof From the invariance by left translations of both dg . and de it is sufficient
to prove that d¢ (x, 0) and N.(x) are equivalent. We begin by establishing the first
inequality in (2.9), i.e. we want to show that there exists a positive constant A such
that

A7 Ne(x) < de(0, %).

Consider a point x = (x1, X2, x3) € R3 and three curves
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e A length minimizing curve y : [0, 1] — R3 for the metric g, such that

1
de(0,x) = Le(y) :=/ \/a%(z)+a§(z)+e—2a§(t)dt,
0

where y'(1) = >y 3ai () Xily o).

e An horizontal curve y; : [0, 1] — R? with one end-point at the origin ( = 0) and
such that y{(t) =a1()X1ly @) + a2(t) X2ly ). Denote by P = y1(1) and observe
that P = (x1, x2, p3) for some value of p3 such that fol az(t)dt = x3 — pa3.

e A vertical segment y» : [0, 1] — R? with endpoints P and x, such that Y1) =

az(t) X3y, (). Note that
1
67]/ az(t)dt
0

=Le(y2) = Lle(y) = de(x, p).

—1
€ lx3—p3| <

1
- / las(O)ledr
0

Observe that in view of the equivalence (2.6),

CN/x? +x3 <do(P,0) < Lo(y1) = Le(n1) < Le(¥),
for some constant C > 0. On the other hand one also has
€ 'x3 — pal < de(x, p) < de(x,0) +de(0, p) < de(x,0) + Le(y1) < 2de(0, x).

: 1 1
Hence if |p3]| < 5|x3| then [x3 — p3| > 5|x3| and consequently

de(x,0) = Le(y) > € 'xs — p3l = min(e " |x31, V/]x3]).

The latter yields immediately that d.(x,0) > C~!N,(x), for some value of C > 0
independent of € > 0. Next we consider the case |p3| > %|x3|. This yields

. r .
min(e ™" 3|, v/Ix3]) < 5 min(e ™" |psl, V/IpsD) < V/Ipsl < [P| < Cdo(P, 0)
Cly(y1) = Cle(y1) < Cle(y) = Cde(x,0),
where | P| is defined as in (2.6). In summary, so far we have proved the first half of
(2.9).
To prove the second half of the inequality we consider an horizontal segment I'

joining the origin to O = (x1, x2, 0). Note that dp(0, Q) = d.(0, Q) = €o(I"1) =
Lc(T1). In view of (2.10) one has

de(0,x) < de(0, Q) +de(Q, x) = do(0, Q) + Cmin(e' |x3], V/|x3]) < CNe(x).

The latter completes the proof of (2.9). O
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Remark 2.16 Similar arguments continue to hold more in general, in the setting of
Carnot groups.

As a consequence of Lemma 2.13, one has that for ¢ > 0 the metric space (R3, d,)
is locally bi-Lipschitz to the Euclidean space, and hence its Hausdorff dimension will
be 3. As € — 0 the non-horizontal directions are penalized causing a sharp phase
transition between the regime at € > 0 and € = 0.

The intuition developed through this example hints at the multiple scale aspect of
the d. metrics: At scales smaller than € > 0 the local geometry of the metric space
(R3, d.) is roughly Euclidean; For scales larger than € > 0 it is subRiemannian. This
intuition will inform the proofs of the stability for the doubling property in the next
section.

3 Stability of the homogenous structure

The volume of Carnot—Caratheodory balls, and its doubling property, has been studied
in Nagel, Stein and Wainger’s seminal work [70]. In this section we recall the main
results in this paper and show how to modify their proof so that the stability of the
doubling constant as ¢ — 0 becomes evident.

3.1 The Nagel-Stein—Wainger estimates

Consider the Carnot—Caratheodory metric d. (-, -) associated to the family of vector
fields (X§, ..., X;), defined in (2.4). Denote by B.(x,r) = {yldc(x,y) < r} the
corresponding metric balls.

For every n-tuple I = (i1, ...,iy) € {1,...,2p —m}", and for € > € > 0 define
the coefficient

AG(x) = det(Xfl x),..., an (x)).

Forafixed0 < € < e andforafixedconstantO < C2 ¢ < I,choose Ic = (ic1, . .., ien)
such that
115, @)U > Cy emax 12§ (x) %D, 3.1)

where the maximum ranges over all n-tuples. Denote J. the family of remaining
indices, so that {Xii_,- Ddej € Iy U {Xli.k t iex € Je} is the complete list
X f, X 5 p—m When € = 0 we will refer to I as a choice corresponding to the
n-tuple Xgn, e, Xl%n realizing (3.1). One of the main contributions in Nagel, Stein
and Wainger’s seminal work [70], consists in the proof that for a v and a x fixed, and
letting

Qe(r) = {u eR":|uj| < rde(iej)}
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denote a weighted cube in R", then the quantity Mi (x)| provides an estimates of the
Jacobian of the exponential mapping u — P, , . (1) defined foru € Q(r) as

Oepx)=exp| D uiXs + > uXi, | . (3.2)

l’E‘jEIE ie,kEJe

More precisely, for € > 0 and fixed one has

Theorem 3.1 [70, Theorem 7] For every € > 0, and K CC R" there exist R > 0
and constants 0 < C1 ¢, Ca.c < 1 such that for every x € K and0 <r < R, if I is
such that (3.1) holds, then

1) if lvk] < Coerdlier) D¢ o x is one to one on the box Q¢(Cy ¢r)
@11) if lvg] < Czerd(’fk) the Jacobian matrix of @, x satisfies on the cube Q¢ (Cy ¢r)

1
Z ‘Ai(x)‘ =< ‘Jcpe,v,x’ = 4‘)‘1()6)‘

(i) <D€,v,x(Q€(Cl,€r)) C Be(x,7r) C q)e,v,x(Qe(Cl,er/C2,e))

As a corollary one has that the volume of a Carnot—Caratheodory ball centered
in x can be estimated by the measure of the corresponding cube and the Jacobian
determinant of @ , .

Corollary 3.2 ([70, Theorem 1]) For every € > 0, and K CC R" and for Rc > 0
as in Theorem 3.1, there exist constants C3¢, C4¢ > 0 depending on K, R¢, C1 ¢ and
Coe such that for all x € K and 0 < r < R¢ one has

Cse D A5 @)D < |Be(x. )| < Cae D 250|140, 3.3)
1 1

Estimates (3.3) in turn implies the doubling condition (1.2) with constants depend-
ing eventually on R, Ci. and Cp.

3.2 Uniform estimates as € — 0

Having already proved the stability of the doubling property in the special case of the
Heisenberg group, in this section we turn to the general case of Hérmander’s vector
fields and describe in some details results from [18] establishing that the constants
C1e Coc do not vanish as € — 0. Without loss of generality one may assume that both
constants are non-decreasing in €. In fact, if that is not the case one may consider a
new pair of constants C~',~,6 = infsefee) Ciys, fori =1, 2.

Proposition 3.3 Forevery € € [0, €], the constants R, C1, and Ca ¢ in Theorem 3.1
may be chosen to be independent of €, depending only on the C" ' norm of the vector
fields, on the number €, and on the compact K .
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Proof The proof is split in two cases: first we study the range ¢ < r < Rp which
roughly corresponds to the balls of radius r having a sub-Riemannian shape. In this
range we show that one can select the constants C; ¢ to be approximately C; ¢. The
second case consists in the analysis of the range r < € < €. In this regime the balls are
roughly of Euclidean shape and we show that the constants C; . can be approximately
chosen to be C; ¢.

Letus fix e € (0,€], R = Rp and r < Rp. We can start by describing the family
I, defined in (3.1), which maximize A (x). We first note that for every € > 0 and for
every i, m+ 1 <i < p we have

Xird® =07y, Xgy et = 4Oy, (3.4)

In the range 0 < r < € < € one can assume without loss of generality that
the n-tuple satisfying the maximality condition (3.1) will include only vectors of
the form {ed(ifl)_lY[EI, el ed(ién)_lYién} for some n-index I = (i¢q, ..., len), With
1 < i¢x < p.In fact, if this were not the case and the n-tuple were to include a
vector of the form X j = Y;_pim for some p < j, then we could substitute such
= Yj_psme?U P~ and from (3.4) infer that the value of
dé(lé

4 €
vector with X S—ptm

the corresponding term |)ﬁ€ (x)|r ) would increase.
Similarly, in the range 0 < € < r < € one can assume that the n-tuple satisfying

the maximality condition (3.1) will include only vectors of the form {Y;_, ..., Y;,}
for some n-index I = (i1, ..., len), With 1 < i < p. Note that the corresponding
expression

|45, ()| rdedO=1 = |det(; Y;,) ()| r2ote dlie)

PR

would then be one of the terms in the left hand side of (3.1) for ¢ = 0, and thus is
maximized by Ciém?o (x)|rdo=1,

Case 1: In view of the argument above, for every € < r < Ry the indices /. defined
by the maximality condition (3.1) can be chosen to coincide with indices of the family
Ip and do not depend on €. On the other hand the vector excluded from /. will be not
only those in Jy but also the ones that have been added with a weight factor of a power
of €,

10,k

(X{:kel)= {X?Ok Liok € Jo} U {ed“’uk)*‘x(? Ciok € Lo i > m}

U {ed(io'k)_le%k tipk € Jo,iok > m} .

In correspondence with this decomposition of the set of indices we define a splitting
in the v-variables in (5.14) as

v = (D, 7, 0).
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Consequently for every € < r the function ®¢ , (u) can be written as

€ €
Dy x(u) = exp Z uj X, + Z v X, | ()
iej€le iek€Je
=ex u; X% + XS ] (x)
P J ioj k Lek
ioj€l iek€Je
0 ~ ~ _d(ior)—1
= exp E quin + E Yy + E Dre (iok) Yiok
ipjely iokeJo iok€lp,i>m

+ > ey ) o)

iox € Jo,10.k>m

~ d(i —1
= qJO,ﬁk—&-f)ked("Ok)_],x (ul, e Ums U1 + Uy 1€ Gom+1) s, Up
1 ﬁned(io’l)_l) . (3.5)
Let us define mappings
Fleo) = (ul, st + g€ 5n€d<mn>—1) 7

and
Frev) = (61 + 010 D+ azp—me‘”"‘)lv-m)*‘) :
In view of (3.5) we can write

qDe,v,x(“) = q)O,Fzye(v),x(Fl,e,v(u)) (3.6)

Note that for any € > 0 and for a fixed v, the mapping u — F1 ¢ , () is invertible
and volume preserving in all R". Moreover J ®¢ y () = J Do, g, , (v),x (F1,e,0()). In
view of (3.6) and of Theorem 3.1, as a function of u, the mapping ®. , («) is defined,
invertible, and satisfies the Jacobian estimates in Theorem 3.1 (ii)

1
7 0] = 1700 m 0 (Freo@)] = [J@eua] < 4[24, 00|
for all u such that F ¢ () € Qo(Cy,0r) and for v such that

‘sz,e(v)’ = ’f)k + 1_)k€d(i0k)_1‘ < Cyor?9,

lui| < Cl,ord(lm) it SCI,OI’d(lom), Mm+1+1~)m+1€d(l0’"“)_l SCI’Ord(lOerl),
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whenk=1,...,2p —m. |
The completion of the proof of Case 1 rests on the following two claims:

Claim 1 let € < r < Ry. There exists C¢ > 0, independent of €, such that for all v
satisfying |vg| < Cerdet) one has |F2'“E(v)| = |0 + vped@0=1| < Cy grdtion),

Proof of the claim If we choose Cg < min{C} o, C20} and

rd(isk) | | c rd(iej)
9 u / S k)
4 Jh =510y

[0k, [0k, [0x] < min {C10, C2,0}

it follows that

A dio) , plic))

[0k < Cap0 ; |vk|,|ka§C1,oZ, luj| < Cip
So that

d(iok) d(iok) d(ioj)

~ r . _ - . _ _ r r ]
[0k] < Ca,0 e@o0=1 5 edio0=15 1 < Cp s ujl < Cro R
completing the proof of the claim. O
Claim 2 Lete < r < Roand v fixed such that |vg| < CeréCe) fork = 1,...,2p—m.

One has that
0. (¢5'r) € Fil, (Qo(Crom) € 0e(Csr)

for some constant C5 > 0 independent of € > 0.

Proof of the claim Choose Cs sufficiently large so that 2 max{Cy " Ce} < Cy0 and

observe that if u € Qé(C;lr) then for k = 1, ..., m we have |uy| < Cl,ord(if-k) =
C1.or?000) while for k = m + 1,...,n we have |F1k,6,v(u)| = |ug + Dpedlion—1| <

max{C;1 , Ce)rdlio0) (1 - gdlion=1y < €} ordUor) This proves the first inclusion in the
claim. To establish the second inclusion we choose Cs large enough so that 2(C; o +
C2.¢) < Cs and observe that if Fi ¢ ,(u) € Qo(Cior) thenfork =m +1,...,n one
has [ug| < |ug + Dpe? @001 4 |G |01 < 2(Cy g+ Ce)rdo0) < C5rdtio) The
corresponding estimate for the range k = 1, ..., m is immediate.

In view of Claims 1 and 2, and of Theorem 3.1 It follows that for ¢ < r and
these choices of constants (independent of €)! the function D¢y, x (1) is invertible on
Q0(C1,0r) and (i), (ii) and (iii) are satisfied.

Case 2: As remarked above, in the range 0 < r < € < € one can assume that
the n-tuple satisfying the maximality condition (3.1) will include only vectors of
the form {edleV=ly; ... edle)=ly, 1 for some n-index I = (icy, ..., icn), With

1 Ry in place of Re, Cs in place of Cq ¢ and Cg in place of Cp .
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1 < it < p. Note that in view of (3.4) and the maximality condition (3.1) the
corresponding term

€ de (I,
|)¥[6 (x)| r e(le)
can be rewritten and estimated as follows

15, ()] el = U= det(Y,, ..., Y, ) ()]

It is then clear that the maximizing n-tuple I, in (3.1) will be identified by the low-
est degree d(l.) among all n-tuples corresponding to non-vanishing determinants
det(Y;,,, ..., Y;,)in aneighborhood of the point x. Since this choice does not depend
on € > r, then one has that I. = I¢. In other words, if we denote

(Xé)ig,kelg = {Ed(ig"l)_lyie,w LR Ed(ig’n)_lyie.n}

then the maximality condition (3.1) in the range 0 < r < € < € can be satisfied
independently from € by selecting the family of vector fields:

(Xve)ie,kelE = {Ed(ig’l)il Yigq] 3 eeey ed(ig’n)il Yig,n }
The complementary family J. becomes

{Y.f Ligk € JE} - {ed“ék)—lyiak Ligx € Je, with iy < p}

lek

U {Y,'g’k_p_%m vk € Je, withiz g > p} 3.7

If we denote A¢, and B, these three sets, and split the v-variable from (5.14) as
v = (0, D), then it is clear that

gdliz -1

V€At oy

Y € Ag,

and in this case the values of d. and d; are the same on the corresponding indices.
Analogously Y € B, iff Y € B: and the degrees are the same.
For every € > r the map &, , ,(u) then can be written as

q)e,v,x(”) = &Xp 2 Ml'Xiij + Z kaiik (x)

icj€le ick€Je

— Y€ €

= exp E ujXi + E Xy, | &)
igj€l; izxele
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edlic -1 edlop)—1

_ . € ST 'd.
= ©Xp Z U zdtzn—1 Xip; + Z Uk ZdGon—1 Xiok
igjele igx€Je and igj<p

+ > wXL | ™

iegx€Je and izj>p
This function is defined and invertible for

dlizx)—1 d(io,j)—1
€ g . € \J .
~ Nl _deick) g _pdelicj)

|Uk|, |Uk|gd(lgk)—l S C2,€r ) |M/|gd(lg,])—1 S Cl,Gr .

Recall that with the present choice of r < € < &, we have Cy zr%(ié) = Cy zrdelie) =
C erdelie) If we set

Ok, |3x] < Caerétan,

luj| < C erdeliel)

and argue similarly to Case 1, then the function &, , will satisfy conditions 1), ii),
and iii) on Q(C¢r) and hence on Q(Cj (r), with constants independent of €. m]

3.3 Equiregular subRiemannian structures and equivalent pseudo-distances

The intrinsic definition, based on a minimizing choice, of the Carnot—Caratheodory
metric is not convenient when one needs to produce quantitative estimates, as we will
do in the following sections. It is then advantageous to use equivalent pseudo-distances
which are explicitly defined in terms of certain system of coordinates. In the last section
we have already encountered two special cases, i.e. the norms | - | defined in (2.5) and
its Riemannian approximation (2.8). In this section we extend this construction to a
all equi-regular subRiemannian structures. For 2 C R”" consider the subRiemannian
manifold (2, A, g) and iteratively set A' := A, and A/t = AT 4-[A7, A]fori e N.
The bracket generating condition is expressed by saying that there exists an integer
s € Nsuch that A}, =R" forall p € M.

Definition 3.4 A subRiemannian manifold (2, A, g) is equiregular if, for all i € N,
the dimension of A’p is constant in p € 2. The homogenous dimension

s—1
o= [dim(Aj,“) — dim(A;)] , (3.8)

i=1

coincides with the Hausdorff dimension with respect to the Carnot—Caratheodory
distance.

This class is generic as any subRiemannian manifold has a dense open subset on
which the restriction of the subRiemannian metric is equiregular.
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Example 3.5 Systems of free vector fields, as defined in Definition 5.4, yield a distri-
bution A that supports an equiregular subRiemannian structure for any choice of the
horizontal metric g.

Example 3.6 An analytic Lie group G is called a homogenous stratified Lie group if
its Lie algebra admits a stratification G = Vig...® V" with [V, V] = viti
and [V, V] = 0. Given a positive definite bilinear form go on V1 we call the pair
(G, go) a Carnot group and the corresponding left invariant metric go is a equiregular
sub-Riemannian metric.

Next we assume we have a equiregular subRiemannian manifold (€2, A, g) and
consider an orthonormal horizontal basis X1, ..., X;, of A. Following the process in
(2.2) one can construct a frame Y7, ..., Y, for R" where Yy, ..., Y}, is the original
horizontal frame and Y, 11, ..., ¥, are commutators such that (Y1, ..., Y, )|, spans
A’;, fork = 1,...,s. The degree d(i) of Y; is the order of commutators needed to
generate Y; out of the horizontal span, i.e. d(i) = kif ¥; € A’;, but Y; ¢ A’;’]. In
particular one has d(i) = 1 fori = 1, ..., m. The equiregularity hypothesis allows
one to choose Y1, ..., Y, linearly independent. Next we extend g to a Riemannian
metric g on all of 72 by imposing that Y7, ..., ¥, is an orthonormal basis.

Definition 3.7 For any € € (0, €] we define the Riemannian metric g. by setting
that {ed(’)_lYi, i =1,...,n}is an orthonormal frame. Denote by d. (x, y) the corre-
sponding Riemannian distance function.

Remark 3.8 Repeating the proof of [70, Theorem 4] one immediately sees that d, as
defined here is comparable to the distance d. defined in Sect. 2.2, with equivalence
constants independent of € > 0.

We define canonical coordinates around a point xo € 2 as follows. Since Y1, ..., Y,
is a generating frame for 7'$2 then for any point x in a neighborhood w of x( one has
that there exists a unique n-tuple (xi, ..., x,) such that

n
exp (Z xi Y,') (x0) = x. (3.9)
i=1
We will set x = (x1, ..., x,) and use this n-tuple as local coordinates in w.
Definition 3.9 For every x = (x1,...,x;) € o we define a pseudo-distance
dg.e(x, x0) == Ne(x1, ..., x,) with

n

m
S a2+ > min (e*<d<">*‘>|xi|,|x,-|‘/d<i>). (3.10)
i=1

i=m+1

Ne(xls "'a-xn) =

For € = 0 we set

n

St Y w0,
i=1

i=m+1

No(x1, ..., xp) =
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Theorem 3.10 For every compact xo € K C w there exists C = C(K, A, g, w) > 0,
independent of € € (0, €], such that

C7Ydg .« (x, x0) < de(x, x0) < Cdg e(x, x0)

forallx € K.

Remark 3.11 Note that for € = 0 the equivalence is a direct consequence of the Ball-
Box theorem proved by Nagel et al. [70] or Mitchell [65, Lemma 3.4]. This observation
replaces the estimates (2.6) from the Heisenberg group setting.

The proof of Theorem 3.10 follows as a corollary of the following

Proposition 3.12 In the hypothesis of Theorem 3.10 one has that there exists R =
R(K,A,g,w) >0,C =C(K,A,g,w) >0, independent of ¢ € (0, €], such that
forallx € K andr € (0, R),

BG.«(x0, C™'r) C Be(x0,7) C Bg.c(x0, Cr),

where

BG (x0,7) := [x € R" such that max [min (e_(d(i)_l)lxi|, |x,~|1/d(i))] < r} .
N

i=1,...,

Proof The proof follows closely the arguments in the previous section and is based on
the results in [70]. In view of the equiregularity hypothesis note that Y1, . .., ¥, are lin-

early independent and the construction in (2.4) yields the distribution X{, ..., X5, _

over 2. Recall from (5.14), Proposition 3.3 and Theorem 3.1 that if I, Jc are chosen
asin (3.1) and for any v = (v1, ..., Up—m) such that |vg| < Crerdlied) one has

Be(xp, 1) ~ q)e,v,xo(Qe (r)), (3.11)
with constants independent from € > 0, where Q¢ = {u € R" : |u | < rdelie))} and
D¢ oy (u) =exp Z Mlei_j + Z kali,k (x).
ie j€lc iek€Je

The n-tuple I. contains n indexes related either to the horizontal vector fields

X{, ..., X;, or to the commutators X;z—H’ ..., X;. The latter may consist of weighted
versions an+1, ..., X, or unweighted versions X;—H’ ..., X5, _,,- In either case the

same vector will appear both in the weighted and in the unweighted version (either
among the /. indexes or in the complement J,). Comparing the representation ®¢ , y,
with the x-coordinates representation (3.9) one has

n
exp(Zx,-Y,-)(xo)zexp Z ujXi  + Z wuX; | (o),
i=1

i j€le ie k€Je
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and we let foreachk =1,...,n

= e@®=ly, v ifig <n
¢ o+ edOly i >n
Uiy Jk Lk

From the latter we obtain that forallk =1, ...,n
il = € (071 4 p40)

If x € Be(xo, r) then |u;, |, v, | < cri®, Consequently,

min(e O™ x| x V1O)

1/d (k)
< Cmin( e @0-D)ed®=1, | L) |:6d(k)—1r 4 rd(k):|

r dk—1) € d(k)—1 1/d (k)
< C min r|:1—|—(—) ], r[(—) —|—1:| <2Cr.
€ r

This shows that for r > 0 sufficiently small, and for some choice of C > 0 independent
of € > 0, we have B¢ (xg, r) C Bg.e(xo, Cr).

To prove the reverse inclusion we consider a point x = exp(D>_7_; x;¥i)(xo) €
Bg,e(xo, Cr).Select I asin (3.1) and set v = O torepresent x in the basis X;,, ..., X;
as

n

X =exp Z quZj (x0)-

ie,jele

In view of Theorem 3.1, and (3.11), to prove the proposition it suffices to show that
there exists a constant C > 0 independent of € > 0 such that foreach j = 1,...,n
one has |u;| < Criele)

We distinguish two cases: Inthe range € > 2r one can argue as in (3.4) to deduce that
foreach j = 1, ..., n we may assume without loss of generality that the contribution
due to u; X} follows from the choice of a weighted vector, and hence is of the form

uj ed— lYk for some k > m. Consequently one has d, (i j) = L and x; = u; ed®—1,

On the other hand, since € > 2r then one must also have that
min (e_(d(k)_l)|xk|, |xk|1/d(k)) — e @O-D | <
Consequently one has
1=d(®) < o = i),

luj| = |xkle
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In the range € < 2r we observe that one must have |x;| < C rd(k). Arguing as in
(3.4) we see that without loss of generality, or each j = 1, ..., n, the contribution
due to u; X ¢ follows from the choice of a un-weighted vector, and hence is of the
form u ; Yy for some k > m. Consequently one has d¢(i;) = d(k) > 1 and x; = u;j,
concluding the proof. O

4 Stability of the Poincaré inequality

In this section we will focus on the Poincaré inequality and prove that it holds with
a choice of a constant which is stable as € — 0. Our argument rests on results of
Lanconelli and Morbidelli [59] whose proof, in some respects, simplifies the method
used by Jerison in [52]. Using some Jacobian estimates from [44] or [40] we will
establish that the assumptions required in the key result [59, Theorem 2.1] are satisfied
independently from € > 0. We start by recalling

Theorem 4.1 [59, Theorem 2.1] Assume that the doubling condition (D) is satisfied
and there exist a sphere B¢ (xg, r), a cube Q. C R" andamap E : B¢ (xg,r) X Q¢ —
R”" satisfying the following conditions:

(1) Be(xo,2r) C E(x, Q) forevery x € Be(xo,r)
(ii) thefunctionu — E(x, u) is one to one on the box Q. as a function of the variable
u and there exists a constant o1 > 0 such that

1
—JEx,0)| = [JEx,u)| = ailJE(x,0)| foreveryu € Qe
231

Also assume that there exists a positive constant ap, and a function y : B¢ (xq, r) X
Qe x [0, apr] — R” satisfying the following conditions

(iii) For every (x,u) € Bc(xo, 1) X Q¢ the functiont — y(x, u,t) is a subunit path
connecting x and E(x, u)

(iv) For every (h,t) € Bc(xo,7) X Q¢ the function x +— y(x,u,t) is a one-to-one
map and there exists a constant a3 > 0 such that

inf

0
det—y ’ > o3
Be (x0,7)X Qe 0x

Then there exists a constant C p depending only on the constants o1, oz, a3 and the
doubling constant Cp such that (P) is satisfied.

We are now ready to prove Theorem 1.2

Proof All one needs to establish is that the assumptions of Theorem 4.1 are satisfied
unformly in € on a metric ball. Apply Proposition 3.3 and Theorem 3.1 with K =
B¢ (x0, r) and choose the constants C; produced by these results. Set Q, = Qg(3 -l r)
and let

E(x,u) = ®c (1), definedon K x O — R".
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To establish assumption (i) of Theorem 4.1 it suffices to note that by virtue of
condition (iii) in Theorem 3.1 one has that for x € B¢ (xg, 1),

Be(xg,2r) C Be(x,3r) C E(x, Q).

Assumption (ii) in Theorem 4.1 is a direct consequence of condition (ii) in Theo-
rem 3.1, with @y = 16. Chow’s connectivity theorem implies that E(x, u) satisfies
assumption (iii), with a function y, piecewise expressed as exponential mappings of
vector fields of e —degree one. Let us denote (X f) ie1. the required vector fields. With
this choice of path, it is known (see for example [44, Lemma 2.2] or [40, pp 99-101])
thatx — y(x,u,t)isaC 1 path, with Jacobian determinant

0
det—y(x, u,t)
0x

=1+vY(x,u,t)),

for a suitable function v (x, u, t) satisfying
Y (x,u,t)] <cr, on K x Q¢ x [0, cr].

Since the constant ¢ depends solely on the Lipschitz constant of the vector fields
(X f) ie1. then it can be chosen independently of €. As a consequence condition (iv) is
satisfied and the proof is concluded. O

5 Stability of heat Kernel estimates
5.1 Hormander type parabolic operators in non divergence form

The results in this section concern uniform Gaussian estimates for the heat kernel of
certain degenerate parabolic differential equations, and their parabolic regularizations.
We will consider a collection of smooth vector fields X = (X1, ..., X,;) satisfying
Hormander’s finite rank condition (1.1) in an open set 2 C R”. We will use throughout
the section the definition of degree d (i) relative to the stratification (2.2).

A second order, non-divergence form, ultra-parabolic operator with constant coef-
ficients a;; can be expressed as:

m
La=0— Y aijXiX;. (5.1)
i,j=1

where A = (aij),-jzl
satisfying

m 18 a symmetric, real-valued, positive definite m x m matrix

,,,,,

AT g < D akE <A D& (5.2)

d(i)=1 ij=1 d(i)=1
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for a suitable constant A. We will also call
M, A the set of symmetric m x m real valued matrix, satisfying (5.2) (5.3)

If A is the identity matrix then the existence of a heat kernel for the operator L4 is a
by now classical result due to Folland [37] and Rothschild and Stein [76]. Gaussian
estimates have been provided by Jerison and Sanchez-Calle [53], and by Kusuoka and
Strook [58]. There is a broad, more recent literature dealing with Gaussian estimates for
non divergence form operators with Holder continuous coefficients a;;. Such estimates
have been systematically studied in [7-9, 1 1] where a self-contained proof is provided.

A natural technique for studying the properties of the operator L4 is to consider
a parabolic regularization induced by the vector fields X defined in (2.4). More
precisely, we will define the operator

Lea=0d — Z a5 X; X (5.4)
i,j=1

where a;j is any p x p positive definite matrix belonging to M > and such that

P ..
a; j = aj,j fori,j=1,...,m

We will denote
;,2 A (5.5)

the set of such matrices. Formally, the operator L 4 can be recovered as alimitase — 0
of operator L. 4. Here we are interested in understanding which are the properties of
solutions of L. 4 which are preserved in the limit.

For € > 0 consider a Riemannian metric g. defined as in Remark 2.9, such that
the vector fields X are orthonormal. The induced distance function dc is biLipschitz
equivalent to the Euclidean norm ||g. Consequently, the operator L. 4 has a funda-
mental solution I'¢_4, which can be estimated as

Ix[2 Ix1g
T Cet
Fe Alx) < CGT (5.6)
for some positive constant C, depending on A, € and X1, ..., X,,.

Unfortunately the constant C. blows up as € approaches 0, so the Riemannian
estimate (5.7) alone does not provide Gaussian bounds of the fundamental solution
I" 4 of the limit operator (5.1) as € goes to 0. In [57] the elliptic regularization technique
has been used to obtain L? and C“ regularity of the solutions, which however are far
from being optimal. In [27], new estimates uniform in € have been provided, in the time
independent setting which are optimal with respect to the decay of the limit operator.
In [17] the result has been extended to the parabolic operators, in the special case of
Carnot groups.
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In order to further extend these estimates, we need to formulate the following
definition:

Definition 5.1 (Definition ofthe £(2, de, M5, ) spaces) We define £ (2+h, de, M;,z A)
to be the set of all kernels (PG,A)QO,AGM;M, defined on R?"x]0, oo[ that have an
exponential decay of order 2 + h, uniformly with respect to a family of distances (d¢)¢
and of matrices A € M;,ZA (see definition 5.5),on any compact sets of an open set
2. More precisely, we will say that P 4 € EQ+h,de, M ;72 ) if the following three
conditions hold:

e Forevery K CC Qthereexistsaconstant C, > 0depending on A butindependent
of € > 0, and of the matrix A € M;,ZA such that for each € > 0, x, y € K and
t > 0 one has

e (x,y)2 y_ de(x.y)?
L i NP 5.7)
- < < -
A — G,A -xv y»t — A . .
| Be (x, v/1)] | Be (x, /)]
e Fors € Nand k-tuple (iy, ..., i) € {1, ...,m}k there exists a constant Cs x > 0

depending only on k, s, X1, ..., X, A such that

2
de (x,y)

h—2s—k _4€et.))
2 CAt

s t e
|3 X, -+ X Pea)(x, y, )| < Cyx

r-e * 5.8
|Be(x. /D o

forallx,y € K and ¢t > 0.
e Forany Ay, Ay € My, s € Nand k-tuple (i1, ...,ix) € {1,. ..,m}k there exists
Cs.x > 0 depending only on k, s, X1, ..., X,;, A such that

[(0; Xy - Xiy Pea))(x, y, 1) — 8} Xy -+ Xiy Pe ay)(x, y, 1)

h2s—k _deG.n?
t 2 e Caf
<||A1 — A2||Cy .k

o 5.9
| Be(x, /1) 69

where |[A[]? := 277 a}}

With these notations we will now extend all these previous results to vector fields
which only satisfy the Hormander condition, establishing estimates which are uniform
in the variable € as € — 0, and in the choice of the matrix A € M; A for the fundamental
solutions I'¢ 4 of the operators L¢ 4. To be more specific, we will prove:

Proposition 5.2 The fundamental solution U _a of the operator Le_a, is a kernel with
exponential decay of order 2, uniform with respect to € > 0 and to A € an’ A
according to definition (5.1). Hence it belongs to the set £(2, d., M5, ). Moreover, if
I" 4 is the fundamental solution of the operator L 4 defined in (5.1) one has

Xf - X; 9 Tea = Xiy -+ X3 8, Ta (5.10)

as € — 0 uniformly on compact sets and in a dominated way on subcompacts of 2.
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Our main contribution is that all the constants are independent of €. The proof of
this assertion is based on a lifting procedure, which allows to express the fundamental
solution of the operator L 4 ¢ in terms of the fundamental solution of a new operator
L 4 independent of €. The lifting procedure is composed by a first step in which we
apply the delicate Rothschild and Stein lifting technique [76]. After that, when the
vector fields are free up to a specific step, we apply a second lifting which has been
introduced in [27], where the time independent case was studied, and from [17] where
the Carnot group setting is considered.

The simplest example of such an equation is the Heat equation associated to the
Kohn Laplacian in the Heisenberg group, 9, — X f - X %, where the vector fields X
and X, have been expressed on coordinates in Example 2.1. In order to present our
approach we will give an outline of the proof in this special setting.

Example 5.3 Denote by (x1, x2, x3) points of R3, let X1, X2, X3 be the vector fields

defined in Example 2.1, and let / denote the identity matrix: Consider the parabolic
operator

Les=—8 + X} + X3 +€2X3,
and note that it becomes degenerate parabolic as € — 0. Let d. denote the Carnot—
Caratheodory distance associated to the distribution X1, X7, € X3.

In order to handle such degeneracy we introduce new variables (z1, z2, z3) and a
new set of vector fields replicating the same structure of the initial ones, i.e.,

21 =07 + 220z, 22 = 0z — 210z, 23 = 0z

with (x1, x2, x3, 21, 22, 23) € H! x H!. The next step consists in lifting L, ; to an
operator

Le=o+ X3+ X3+ 23+ Z3 +(Z3 + €X3)?,
defined on H' x H!, and denote by I. its fundamental solution. Let d, denote the
Carnot—Caratheodory dista_nce generated by X1, X2, Z1, Z», (Z3 + €X3) and argu-
ing as in (5.22) note that d¢ ((x, 2), (v, z)) > dc(x,y) — Cp, for some constant Cy
independent of €. Consider the change of variables on the Lie algebra of H! x H!,

Xi—> Xi,Zi > Z;, fori=1,2,Z3+eX3—> Z3.

Note that the Jacobian of such change of variables does not depend on € and that it
reduces the operator L. to

L= +X?+X3+272}4+23+273

whose fundamental solution we denote by I'. Note that this operator is parabolic with
respect to the vector fields Z; and degenerate parabolic with respect to the vector fields
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X;.Is is clear that the operator L is independent of €, and consequently its fundamental
solution I satisfies standard Gaussian estimates with constants independent of €

_dkx,0)?
Cal

e
MBO. VDI

where d denotes the Carnot—Caratheodory distance in H' x H' generated by the
distribution of vector fields X, X5, Z1, Z», Z3. Changing back to the original variable
we see that also I satisfies analogous estimates with the same constants, with the
distance d replaced by the distance d, naturally associated to the operator L. Finally,
integrating with respect to the added variable (z1, z2, z3), we obtain an uniform bound
for the fundamental solution of the operator L. ; in terms of the distance d.

C(x,t) <C

5.2 The Rothschild—Stein freezing and lifting theorems

Let us first recall a local lifting procedure introduced by Rothschild and Stein in [76]
which, starting from a family (X;);=1,...,» of Hormander type vector fields of step s in
aneighborhood of R", leads to the construction of a new family of vector fields which
are free, and of Hormander type with the same step s, in a neighborhood of a larger
space. The projection of the new free vector fields on R” yields the original vector
fields, and that is why they are called liftings.

Let us start with some definitions:

Definition 5.4 Denote by n,, ; the dimension (as a vector space) of the free nilpotent
Lie algebra with m generators and step s. Let X1, ..., X;, be a set of smooth vector
fields defined in an open neighborhood of a point xg € R”, and let

Ve = span {X(l),...,X(r)},

where the sets X/ are as defined in (2.2). We shall say that Xy, ..., X,, are free up to
step s if forany 1 <r < s we have n,, ; = dim(V®).

If a point xo € R" is fixed, the lifting procedure of Rothschild-Stein locally intro-
duces new variables 7 and new vector fields (Z;) expressed in terms of the new variables

such that in a neighborhood U of x( the vector fields X i =X+ Zi),-z 1.....m are free
at step s. More precisely, one has [76, Theorem 4]
Theorem 5.5 Let X1, ..., X,, be a system of smooth vector fields, satisfying (1.1) in

an open set U C R". For any x € U there exists a connected open neighborhood
of the origin V. C R"™", and smooth functions A;j(x,Zz), with x € R" and 7 =
(zZn+1s - - -, 2v) € V, defined in a neighborhood U ofXx =(x,0) e UxV CRY, such

that the vector fields X1, ..., X,, given by

v
Xi=Xi+ 2, Zi = Z Aij(x,2)0;;
j=n+1
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are free up to step r at every point in U.

Remark 5.6 In the literature the lifting procedure described above is often coupled
with another key result introduced in [76], a nilpotent approximation which is akin
to the classical freezing technique for elliptic operators. Let us explicitly note that
in Sect. 5.3 we need only to apply the lifting theorem mentioned above, and not the
freezing procedure. In particular, in the example of the so called Grushin vector fields

X3 = 0y, and X4 = X0y,
they would need to be lifted through this procedure to the Heisenberg group structure
X3 = 0y, and X4 = 0yy + X10y,.
On the other hand the vector fields
X| =cosfdy, +sinfdy, and X = dg

will be unchanged by the lifting process, since they are already free up to step 2.

Later on, In Sect. 5.4 we will apply Rothschild and Stein’s freezing theorem to a
family of vector fields X1, ..., X, free up to step r. This will allow to approximate
a given family of vector fields with homogeneous ones. Note that in this case the
function @ in (5.14) is independent of v and its expression reduces to:

D, (u) =exp(Zu,-X,-)(x). (5.11)

The pertinent theorem from [76] is the following,

Theorem 5.7 Let X1, ..., X,;, be a family of vector fields are free up to rank r at
every point. Then for every x there exists a neighborhood V of x and a neighborhood
U of the identity in G, ,, such that:

(a) the map ®, : U — V is a diffeomorphism onto its image. We will call ®, its
inverse map
(b) we have
do,( X)) =Y, +R;, i=1,....m (5.12)

where R; is a vector field of local degree less or equal than zero, depending
smoothly on x.

Hence the operator R; will represented in the form:
R; = Zﬁi(u)xzw
jh
where o is an homogeneous polynomial of degree d(X;) — 1.
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5.3 A lifting procedure uniform in €

So far we have started with a set of Hormander vector fields X, ..., X,, in 2 C R”
and we have lifted them through Theorem 5.5 to a set X Ly evns X'm of Hormander
vector fields that are free up to a step s in a neighborhood & C RY. Next, we perform
a second lifting inspired by the work in [17]. We will consider the augmented space
RY x RY defined in terms of v new coordinates Z = (21, ..., Z2,). Set z = (Z, Z) and
denote points of R” x R” by x = (x, Z, 2) = (x, z). Denote by Zi.....Zma family
of vector fields free up to step s. X1, . .., X, i.e. a family of vector fields free of step
s in the variables Z, and let

A

Zntts .- Ly

denote the complete set of their commutators, as we did in (2.2). Note that the subRie-
mannian structure generated by 7 Iy eens 2,,1 coincides with the structure generated by
the family X;, but are defined in terms of new variables .

For every € € [0, 1) consider a sub-Riemannian structure determined by the choice
of horizontal vector fields given by

(XE,...X5,,) = (Xl,...,Xm,Zl,...,Zm,X;H +Zm+1,...,X§+Z,,)
(5.13)
Since the space is free up to step r the function ® in (5.14) is independent of v and
its expression reduces to:

Dz (u) = exp (Z uf)'(f)()z). (5.14)

In the sequel, when we will need to explicitly indicate the vector fields defining ® we
will also use the notation:

O,z xe(u) = Pe (), and 3 e, (u) its components, (5.15)
and analogous notations will be used for the inverse map O, ; 3«

Forevery e > Oand x, Xy, in view of Theorem 3.10 the associated ball box distances
reduce to:

2m v+m 2v
dqo) = 2+ 3 min (Jfl g A0) 4 0
i=1 i=2m+1 i=v+m+1

For € = 0 and x, xo we have

n
do(%, %o) = D uf|"/4®
i=1
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5.4 Proof of the stability result
The sub-Laplacian/heat operator associated to this structure is
m-+v

Lea=d — Zc_lij?_(f)_(;,
i—1

where
A=A\

and [ is the identity matrix of dimension v x v. We denote by T¢ 4 the heat kernels
of the corresponding heat operators, and prove a lemma analogous to Lemma 5.2 for
the lifted operator:

Lemma 5.8 The fundamental solution f‘é, A of the operator l_le, A, is a kernel with
local uniform exponential decay of order 2 with respect to € > 0 and A € M, ,,

according to definition (5.1). Hence it belongs to the set £(2, d., My, ., »)- Moreover,
as € — 0 one has ) .
X5 X; 0 Tea — Xip oo+ X3, 9, Ta (5.16)

uniformly on compact sets, in a dominated way on all G.
Proof The result for the limit operator Lg_4 is well known and contained for example
in [11]. Hence we only klave to estimate the fundamental solution of the operators L 4
in terms of the one of Lo 4. In order to do so, we first define a change of variable on
the Lie algebra: B B

T.(X$) =XV fori=1,...,v+m (5.17)
Then from a fixed point z we apply the exponential map to induce on the Lie group

a volume preserving change of variables. Using the notation introduced in (5.15), we
will denote

Fez:G— G, Fe® =exp(®_L . 20 (X))@

Since the distances are defined in terms of the exponential maps, this change of vari-
ables induces a relation between the distances dg and d,:

de (X, %o) = do(Fe(X), Fe(X0)). (5.18)
Analogously we also have
Fe A, 3,1 =To a(Fe(X), Fe(3), 1), (5.19)
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Hence assertions (5.7) follow from the estimates of f‘o, A contained for instance in
[53]. Indeed the second inequality can be established as follows:

_ dy(Fe (D). Fe ()% de@9)?
e Cpt e Cat

— =CA— .
1Bo(Fe(®). VDI 1B V1)

The proof of the first inequality in (5.7) and (5.8) is analogous, while (5.9) follows
from the estimates of the fundamental solution contained in ([11]).

The pointwise convergence (5.16) is also an immediate consequence of (5.18)
and (5.19). In order to prove the dominated convergence result we need to relate the
distances dp and d,. On the other side, the change of variable (5.17) allows to express
exponential coordinates ;, in terms of u? as follows:

Tea(x,3,1) = To a(Fe(X), Fe(3),1) < Ca

2m v
de(® 50) = D lufl+ D" (1u? = ewll, 4O + min(luf), 1uf]/4))
i=1 i=2m+1
so that for all x, X0 € G

do(x, %) — Co < de(X, %o) < do(X, %) + Co (5.20)

where Cy is independent of €. The latter and (5.8) imply that there is a constant C’S,k
independent of € such that

_d&n?
X XE e (50| < Gt L
(a T 3 ,A X, ’t S ',kt_l_ ==
el A |Bo(E. VD)
and this imply dominated convergence with respect to the € variable. O

In order to be able to conclude the proof of Proposition 5.2, we need to
study the relation between the fundamental solutions I'4(x, y,?) and its lifting
I;O)A((x,O), (y,2),t), as well as the relation between T'¢4(x,y,t)and
Fe a((x,0), (v, 2), 1),

Remark 5.9 We first note that for every f € Cg°(R" x R™) f can be identified with
a C* and bounded function defined on R*™ x R™ and constant in the z-variables.
Hence

LAf:ZAf» Ls,Af:Ze,Afs

Consequently:

Flen = / / ( / Fea((x, 0, s>,(y,z,r>>dz) Leaf(y. s)dyds

2 This estimate indicates the well known fact that at large scale the Riemannian approximating distances
are equivalent to the sub-Riemannian distance.
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From the definition of fundamental solution we can deduce that

Ta(x,y,t) = /G To,a((x,0), (y,2),)dz, and

Pealx,y, 1) = /Gl:e,A((va)v (y,2), Ddz, (5.21)
forany x € G andt > 0.

We conclude this section with the proof of the main result Proposition 5.2.

Proof In view of the previous remanrk and (global) dominated convergence of the
derivatives of I'¢_4 to the corresponding derivatives of I'g 4 as € — 0, we deduce that

/G Fea((x,0), (v, 2). )dz — /G Fo.a((x. 0), (v, 2), )dz

as € — 0. The Gaussian estimates of I'¢ 4 follow from the corresponding estimates
on I'¢c 4 and the fact that in view of (5.20),

de((x, 2), (x0, 20)) = do((x, 2), (x0, 20)) — Co > do(x, x0) + do(z, z0) — Co
> de(x, x0) + de(z, 20) — 3Co (5.22)

Indeed the latter shows that there exists a constant C > 0 depending only on G, oy
such that for every x € G,

7d€2((X.z)»(-¥0,z0)) 7d52(x,X()) 7ti€2(z.zo) 7!&2(%)60)
/ e 7 dz < Ce 7 e r dz <Ce T
G G

The conclusion follows at once. O

5.5 Differential of the integral operator associated to I'¢

In this subsection we will show how to differentiate a functional F expressed as
follows:

F() 1) = / CeaCe, v. 1) £ (3, 5)dyds.

In order to do so, we will need to differentiate both with respect to x and to y, so
that we will denote X f’x I'c a(x, y, t) the derivative with respect to the variable x and
X'Te a(x, y, ) the derivative with respect to the variable y.

Analogously, we will denote the derivative with the first variable of the lifted fun-
damental solution

Xf’if,A((x, w), (v, 2),1).

@ Springer



Regularity for subelliptic PDE. .. 209

For € = 0, we will have by definition
XOUT 4(0, w), (v, 2), 1) = (XY + Z)T a4 ((x, w), (v, 2), ).

The derivative with respect to the second variable will be denoted X ?’y .If T is the
Euclidean heat kernel, there is a simple relation between the derivative with respect
to the two variables, indeed in this case I'c o(x, y,¢) = e a(x — y, 0, 1), so that

X Teal,y, 1) = =X "Tealx, y,1). (5.23)

Consequently for every function f € Ci°

0 F(F)(x. 1) = / Cea (e y 03y, £ ().

This is no more the case in general Lie groups, or for Hormander vector fields.
However we will see that there is a relation between the two derivatives, which allows
to prove the following:

Proposition 5.10 Assume that f € CSO(QX]O, T[) in an open set Q2x]0, T[. For
everyx € K CC Q, for everyi = 1, ...m there exists the derivative X; F(f)(x,1).
Precisely there exist kernels Pe; p(x, y,t), Rei(x,y,1) € EQ2, de, M;;,A) such that

XCF() == [ X Peaneor 0 0y = [ Reatr o0 f)dy.
h=1

(Let us note explicitly that the term R ; (x, y, t) plays the role of an error term,).

Proof We can apply the lifting procedure described in Sects. 5.2 and 5.3, and rep-
resenting the fundamental solution as in (5.19) and (5.21), we obtain the following
expression for Fe:

F.(f) = / /G Fe a((x, 0), (v, 20, Dd=f (dy
_ / / Fo.a(Fe(x, 0), Fuly, 2), )dzf (5)dy.

By differentiating with respect to X; we get:
XEF(f)(x) = / / (XM — ZI) o a(Fe(x,0), Fe(y, 2), )dzf ()dy.  (5.24)

Note that the family of vectors X ? is independent of € and free of step r. Hence, in
view of [76, page 295, line 3 from below] one has that for every i, j = 1, - - - m, there
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exist families of indices /; j, and polynomials p;, homogeneous of degree > h such
that:

m
X0 5.0 = (X97) 30 X0 (@ (9 To.a(, 3.1)
j=1 hel;
o (50.5)* v0.5 ) (5 SO T 4 (5. 5
— (2 (X)) 2 %7 ) (@G To.a. 5.0,

j=1 hel;

In particular using this expression in the variable z alone, and integrating by parts we
deduce

//Z;UI:O,A(Fe(X,O), Fo(y,z),0)dz =0

We now call
n *
5 = = -0,y 0.5 ) = = - -
Roie. 5.0 =D (X)7) 20 %07 ) (hin(©:G)) Fo.a(E. 5.1)
j:l heI,-’j
This kernel, being obtained by multiplication of I'g 4 (x, y, ) by a polynomial, has
locally the same decay as I'g_4 (X, y, t). In particular it is clear that the conditions 5.7,

5.8, 5.9 are satisfied uniformly with respect to €, since there is no dependence on €.
As a consequence, if we set

Rei(x, v 1) = /Ro,,» (Fu(x.0), Fely, 2),1) dz

then Rc ;(x, y,1) € £(2, de, an’A) Similarly we call

Pein®. 3.0 = 2 X7 (Pin(©:(M)Fo.a(F. 5.1)
hE[,'_j

Now we use the fact that f‘o,A e &2, d, Mf,H_V’A) together with the fact that p;j; is a
polynomial of the degree equal of the order of X g,y to conclude that

Peip(X,y.0) € EQ,d, M., A)
Setting
Pein(x,y,1) = / Poin(Fe(x,0), Fe(y,2), 1)dz
it follows that Pc ; (x, y,t) € £(2, d, M;z,A)
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Substituting this expression into equation (5.24) we get

X{Fe(f)() = - / (XYY Pt v 0 £ )y - / Rei(x.y.0)f ()dy.
j=1

(5.25)
[m}

6 Stability of interior Schauder estimates

In this section we will prove uniform estimates in spaces of Holder continuous func-
tions and in Sobolev spaces for solutions of second order sub-elliptic differential
equations in non divergence form

n
Leau = du — Z af;(x. ) X{ XSu = 0,
ij=1

in a cylinder Q = Q x (0, T') that are stable as ¢ — 0. The proof of both estimates
is largely based on the heat kernel estimates established above. Internal Schauder
estimates for these type of operators are well known. We recall the results of Xu [83],
Bramanti and Brandolini [10] for heat-type operators, and the results of Lunardi [62],
and Polidoro and Di Francesco [34], and Gutierrez and Lanconelli [47], which apply
to a large class of squares of vector fields plus a drift term. We also recall [64] where
uniform Schauder estimates for a particular elliptic approximation of subLaplacians
are proved.

Here the novelty is due to the uniform condition with respect to €. This is accom-
plished by using the uniform Gaussian bounds established in in the previous section.
This result extends to Hormander type operators the analogous assertion proved by
Manfredini and the authors in [14] in the setting of Carnot Groups.

6.1 Uniform Schauder estimates

Let us start with the definition of classes of Holder continuous functions in this setting

Definition 6.1 Let0 < o < 1, Q0 C R"*! and u be defined on Q. We say that u €
Cg x (Q) if there exists a positive constant M such that for every (x, t), (xo, fo) € Q

lu(x, t) — u(xo, to)| < Md®((x, 1), (x0, 10))- (6.1)

We put

u(x,t) — u(xg, t
lu(x, 1) — u(xg o)|+sup|u|'

llullce, (o) =  sup _
o (0 #(xo,10) A2 ((x, 1), (x0, 10)) 0
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Iterating this definition, if k > 1 we say that u € Cf”;(Q) ifforalli =1,...,m
X; € CE31¥(Q). Where we have set C2*§(Q) = C¢ ().

The main results of this section, which generalizes to the Hormander vector fields
setting our previous result with Manfredini in [14] is

Proposition 6.2 Let w be a smooth solution of Lc sow = f on Q. Let K be a compact
sets such that K CC Q, set 28 = do(K, d,Q) and denote by Ks the §-tubular
neighborhood of K. Assume that there exists a constant C > 0 such that

€

. <
||al/||cf:;(1(8) = C7

for any € € (0, 1). There exists a constant C1 > 0 depending on «, C, §, and the
constants in Proposition 5.2, but independent of €, such that

1]ty < € (||f||c§3;(,<5) + ||w||c5}1.a(,(a)) .

We will first consider to a constant coefficient operator, for which we will obtain a
representation formula, then we will show how to obtain from this the claimed result.
Precisely we will consider the constant coefficient frozen operator:

n
Lexouap) = 0 — Y, aj(x0. 10) X§ XS,
i j=1

where (xg, fo) € Q. We explicitly note that for € > 0 fixed the operator L¢ (x.1) 18
uniformly parabolic, so that its heat kernel can be studied through standard singular
integrals theory in the corresponding Riemannian balls.

As a direct consequence of the definition of fundamental solution one has the
following representation formula

Lemma 6.3 Let w be a smooth solution to Lew = f in Q C R*L. For every
¢ € CP(Q),

(W) x, 1) = /Q P00 (@100 027 (L) — Le) w @) (v, D)dyde

+ /Q [ (2D, (7. ) <f¢> +wled +2 > a5 (v, XS wX;¢>> (v D)dydz. (6.2)

ij=1
where we have denoted by I'¢, | - the heat kernel for of Le,(xy,1)-
Iterating the previous lemma we get the following

Lemma 6.4 Let k € N and consider a k-tuple (iy,...,ix) € {1,..., m}k. There
exists a differential operator B of order k + 1, depending on horizontal derivatives of
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a; of order at most k, such that

n
X X5 (Leony — L) = . (afy — af (o, 10)) X5, -+ XE X XS + B.
i,j=1

Proof The proof can be made by induction. Indeed it is true with B = 0 by definition
if k =0:

n

Letom —Le= > (af; —afjxo. 1)) X5,
ij=1

if it true for a fixed value of k then we have

XE Xl€1 e lek (Le,(xo,to) - LE)

ik+1
n
B e € € € € yE ye R
= Z (al-j —aj; (xo, to)) Xign Xy Xy Xi X5+ B
i,j=1

where

oo

= Xiy., (af; — afj (0. 10)) X, -+ XE XX+ Xy B.
By the properties of B it follows that B is a differential operator of order k + 2,
depending on horizontal derivatives of afj of order at most k + 1. This concludes the
proof. O

We can go back to our operator L and establish the following regularity results,
differentiating twice the representation formula:

Proposition 6.5 Let 0 < o < 1 and w be a smooth solution of Lew = f € CZ 4 (Q)
in the cylinder Q. Let K be a compact sets such that K CC Q, set 26 = dy(K, 9, Q)
and denote by K the 5-tubular neighborhood of K. Assume that there exists a constant
C > 0 such that for every € € (0, 1)

llaijllce  ks) = C.

There exists a constant C1 > 0 depending on 8, a, C and the constants in Proposition
5.2 such that

wll2e ) = O (I llee ik + 10llete i, ) -

Proof The proof follows the outline of the standard case, as in [41], and rests crucially
on the Gaussian estimates proved in Proposition 5.2. Choose a parabolic sphere’

3 That is a sphere in the group G = G x R in the pseudo-metric LL((x,t),(y,s)) =

max(de (x, y), /[t = s1).
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Bes CC K where § > 0 will be fixed later and a cut-off function ¢ € Cg° (R
identically 1 on B 5,2 and compactly supported in B¢ 5. This implies that for some
constant C > 0 depending only on G and oy,

IVep| < C871, |Lé¢| < C572,

in Q. Now we represent the function w¢ through the formula 6.3 and take two deriv-
atives in the direction of the vector fields. We remark once more that the operator
is uniformly elliptic due to the e—regularization, hence the differentiation under
the integral can ben considered standard. As a consequence for every multi-index
1 =(,ix) e{l,..., m}2 and for every (xg, o) € B¢ s one has:

X5 X§, (we) (xo. 10) 6.3)

2

= / X,'El X,'EZF(GXOJO)(', s ™) (xo,10) (Le,(xo,to) - Le) (w)(y, T)dydt
(o)

+/ X5 X (0 G O Do) | f& + whed
Q

n
+2 D af XfwX5¢ | (v. 1)dydr. (6.4)
i,j=1

In order to study the Holder continuouity of the second derivatives, we note that the
uniform Holder continuity of af/., and Proposition 5.2 ensure that the kernal satisfy
the classical singular integral properties (see [37]):

IXEXETE (D), (v, D) = XEXETE 0 (o o), (v, )

_de (xo,y)z
(t —1)~'e” h0

1Be(0, T —10)|

< Cd%((x,1), (x0, 10))

with C > 0 independent of €. From here, proceeding as in [41, Theorem 2, Chapter 4],
the first term in the right hand side of formula (6.3) can be estimated as follows:

I / XEXET ) (s 0 D)L = Lea0.0) (0 ), D)y

C¥ ¢ (Be )

= C1||(Le = L) )|

C%y(Bes)

=C Z H(afj(xo, fo) — afj(.))X;X;(w ¢)‘
i,j

C2 y (Bey)

< Ci6”llafjlice s 1wl c2e g, 6.5)
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where C1, and C‘l are stable as € — 0. Similarly, if ¢ is fixed, the Holder norm of the
second term in the representation formula (6.3) is bounded by

I / X5 XE T 0 (X0, 10), (5 D) (D (. T) + wL(y, 7)

+ Zaijwaj(b)dydr‘

€y (Bey)
C
=< C2 ||f||Cg_X(K5) + 5_2||w”C€l:;(K3) . (66)

From (6.3), (6.5) and (6.6) we deduce that

~ C
o
||w¢||C3:;(35) S C28 ||w¢||cg»;(36) + C2 (Hf”CZX(K&) + ﬁ”w”Cel’;(Ks)) .

Choosing § sufficiently small we prove the assertion on the fixed sphere B, s The
conclusion follows from a standard covering argument. O

We can now conclude the proof of Proposition 6.2:

Proof The proof is similar to the previous one for k = 1. We start by differentiating
the representation formula (6.2) along an arbitrary direction X;,

Xfl (we)(x, t) 6.7)
= /Q X T )G 00 D) (L) — Le) (w @) (v, )dyd
n
4 /Q XETE 0G0 | fo+wleg+2 D al XfwXs¢ | (v, T)dydr.
o (6.8)
Now we apply Theorem 5.10 and deduce that there exist kernels
Pe iy, (x0,10) (X5 )5 (V5 7)) Resii (xo.10) (X5 1), (¥, ),
with the same decay of the fundamental solution such that

X, (we)(x, 1)
= — / Z Pe,il,h,(xo,to)((xa 1), (y, T))X;’y (Le,(xo,to) - Le) (w)(y, T)dydt
h=1
- / Re,il,(xo,to)((x’ t)9 (yv t)) (LG,(X(),[()) - LG) (u) ¢)(yv T)dydtdy

m

=2 [ Pt (0. 0 OOXE (£ wLed
h=1
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n
42 3 afXfwXio | 0u0drdr = [ Reaisoan (0. 0.0)

i,j=1
n
x| fo+wLep+2 Y aX{wX5e | (v, 1)dydr. (6.9)
i,j=1
. . . . i1,
Using Lemma 6.4, this yields the existence of new kernels Pe,lhl,mk,hk,(xo,zo)((x’ 1),

(y, t)) with the behavior of a fundamental solution (and the same dependence on €)
such that

[T/

X5, - X5 (we)(x, 1) =/ ((x, 1), (y, 7))

€,hy,....h, (x0,10)

(af,- — ajj(xo, to>)X,i XL XPXS(w ) (v, T)dydT

i1yennik
+ / ((x.1). (v, ) Bw $)(y, )dyde

s hg, (xo,10)

T1yeif
+/ (e, 1), (v, ONXG, - X5, (f¢(y, )+ wLep(y, 1)

ek, (x0,10)

n
+2 ) af XfwX(e)dyde
ij=1
+ lower order terms

where ¢ is as in the proof of Proposition 6.5 and B is a differential operator of
order k + 1. The conclusion follows by further differentiating the previous represen-
tation formula along two horizontal directions X ;1 X jz and arguing as in the proof of
Proposition 6.5. O

7 Application I: Harnack inequalities for degenerate parabolic
quasilinear equations hold uniformly in €

The results we have presented so far show that for any €g > 0, the 1-parameter
family of metric spaces (M, d,) associated to the Riemannian approximations of a
subRiemannian metric space (M, dp), satisfy uniformly in € € [0, €] the hypothesis
in the definition of p-admissible structure in the sense of [48, Theorem 13.1]. This
class of metric measure spaces has a very rich analytic structure (Sobolev-Poincaré
inequalities, John—Nirenberg lemma, ...) that allows for the development of a basic
regularity theory for weak solutions of classes of nonlinear degenerate parabolic and
elliptic PDE. In the following we will remind the reader of the definition and basic
properties of p-admissible structures and sketch some of the main regularity results
from the recent papers [1] and [18]. We will conclude the section with a sample
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application of these techniques to the global (in time) existence of solutions for a class
of evolution equations that include the subRiemannian total variation flow [14].

7.1 Admissible ambient space geometry

Consider a smooth real manifold M and let . be a locally finite Borel measure on M
which is absolutely continuous with respect the Lebesgue measure when represented
in local charts. Let d(-, -) : M x M — R™ denote the control distance generated by a
system of bounded, p-measurable, Lipschitz vector fields E = (X1, ..., X;;) on M.
As in [3] and [44] one needs to assume as basic hypothesis

the inclusion i : (M, chart) — (M, d) is continuous, (7.1)

where we have denoted by (M, chart) the topology on M induced by the Euclidean
topology in R" via coordinate charts. Forx € M andr > 0, set B(x,r) ={y e M :
d(x,y) < r} and let |B(x, r)| denote the u measure of B(x, r). In general, given a
function u and a ball B = B(x, r) then up denotes the u-average of u on the ball
B = B(x, r). In view of (7.1) the closed metric ball B is a compact set.

Definition 7.1 Assume hypothesis (7.1) holds. Given 1 < p < oo, the triplet
(M, u, d)is said to define a p-admissible structure (in the sense of [48, Theorem 13.1])
if for every compact subset K of M there exist constants Cp = Cp(E, K),Cp =
Cp(E,K) > 0,and R = R(E, K) > 0, such that the following hold.

(1) Doubling property:
|B(x,2r)| < Cp|B(x,r)| whenever x € K and 0 < r < R. (D)

(2) Weak (1, p)-Poincaré inequality:

1/p
][ W —ugldu < Cpr (][ IEul”du) , )
B(x,r) B(x,2r)

wheneverx € K, 0 <r < R, u € Wé’p(B(x,Zr)).
Theorems 1.1 and 1.2 yield the following

Theorem 7.2 Let X1, ..., X, be afamily of Hormander vector fields in @ C R" and
denote by u Lebesgue measure. For each €y > 0 and € € [0, €g] denote by d. the
distance functions defined in Definition 2.6. For all € € [0, €g] and p > 1, the space
(2, u, de) is p-admissible, with constants Cp and C p independent of €.

Other examples of p-admissible spaces are:

e The classical setting: M = R", du equals the n-dimensional Lebesgue measure,
and B = (X1, ..., Xp) = Oy, ..., 0y,).
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e Our setting is also sufficiently broad to include some non-smooth vector fields
such as the Baouendi-Grushin frames, e.g., consider, for y > 1 and (x, y) € R2,
the vector fields X| = 0, and X, = |x[” 9. Unless y is a positive even integer
these vector fields fail to satisfy Hormander’s finite rank hypothesis. However, the
doubling inequality as well as the Poincaré inequality hold and have been used
in the work of Franchi and Lanconelli [38] to establish Harnack inequalities for
linear equations.

e Consider a smooth manifold M endowed with a complete Riemannian metric g.
Let o denote the Riemann volume measure, and by E denote a g-orthonormal
frame. If the Ricci curvature is bounded from below (Ricci > — K g) then one has
a2-admissible structure. In fact, in this setting the Poincaré inequality follows from
Buser’s inequality while the doubling condition is a consequence of the Bishop—
Gromov comparison principle. If K = 0, i.e. the Ricci tensor is non-negative, then
these assumptions holds globally and so does the Harnack inequality.

Spaces with a p-admissible structure support a homogenous structure in the sense of
Coifman and Weiss [28].

Lemma 7.3 Let (M, u, d) be a p-admissible structure for some p > 1, Q a bounded
open setin M and set K = Q. Ifx € K and 0 < s < r < R, then the following
holds.

(1) There exists a constant N = N(Cp) > 0, called homogeneous dimension of
K with respect to (8, d, ), such that |B(x,r)| < Cpt~N|B(x, tr)|, for all
0<t<l

(2) There exists a continuous function ¢ € Co(B(x,r)) N Wé’oo(B(x, r)) and a
constant C = C(E, K) > 0, such that ¢ = 1 in B(x,s) and |E¢| < C/(r —
5, 0<¢ =<1

(3) Metric balls have the so called §-annular decay property, i.e., there exists § =
8(Cp) € (0, 11, such that

BGe.r)\ Bx, (1 — e)r)| < C’|BCx, ),

whenever 0 < € < 1.

Proof Statement (1) follows from (D) by a standard iteration argument. Statement (2)
is proved in [44, Theorem 1.5]. Statement (3) follows from [12, Corollary 2.2], since
we have a Carnot—Carathéodory space. Furthermore, § depends only on Cp. O

Given © C M, open,and 1 < p < oo, we let Wi (Q) = {u € LP(Q, 1) : Xju €
LP(R2,u),i = 1,...,m} denote the horizontal Sobolev space, and we let Wé’f) -
Wé’p be the closure* of the space of Wé"" functions with compact (distributional)

support in the norm ||u||fp = |lull, + IIEul|, with respect to u. In the following
we will omit u in the notation for Lebesgue and Sobolev spaces. Given #; < t, and

1 < p < oo, welet Q,, = QX (t1,12) and we let LP(#1, t2; Wé’p(Q)), 1 < b,

4 Here we avoid the issue “H = W”. This is studied in detail in [39,40,42,44,54] and [79].
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denote the parabolic Sobolev space of real-valued functions defined on €2, ;, such that
for almost every ¢, 1] <t < t2, the function x — u(x, t) belongs to Wé’p(Q) and

1) 1/p
— p = p
Il ey = (/ [ s, o1 + 1t )dudt) < co.

The spaces L?(t, t2; Wé’[(’)(Q)) is defined analogously. We let WLP (1), tr; LP(S2))
consist of real-valued functions n € LP(t1, tp; LP(2)) such that the weak derivative
9;n(x, t) exists and belongs to L (¢1, tp; L?(£2)). Consider the set of functions ¢, ¢ €
WP (11, 12; LP(S)), such that the functions

t—>/ | (x, )P dp(x) andt—>/ 19, (x, )P dp(x),
Q Q

have compact support in (1, 1). We let W(} P (11, tr; LP(R2)) denote the closure of this
space under the norm in WLP(ty, 1y LP ().

From [48, Corollary 9.5] one can see that the metric balls B(x, 7) are John domains.
Consequently, (D), (P), and [48, Theorem 9.7] yield Sobolev-Poincaré inequality,

Lemma 7.4 Let B(xg,7) C 2,0 <r < R, 1 < p < oo. There exists a constant
C =C(Cp, Cp, p) > 1 such that for every u € Wé""(B(xo, r)),

1/
(][ |u—uB|Kpd;L) §Crp][ |EulPdu,
B(xo,r) B(xo,r)

where u g denotes the u average of u over B(xo, r), and where | <k < N/(N — p),
ifl<p<N,and1 <k < o0, if p> N. Moreover,

1/k
(][ Iul”’du) <Cr? ][ |8ulPdpu,
B(xq,r) B(xq,r)

whenever u € Wé’,g (B(xo, 1))

7.2 Quasilinear degenerate parabolic PDE

In this section we list some recent results concerning regularity of weak solutions of
certain nonlinear, degenerate parabolic PDE in spaces (M, u, d) that are p-admissible
for some p € [2, 00). If p = 2 we can allow lower order terms, but at present this is
not yet established for p > 2. Given a domain (i.e., an open, connected set) 2 C M,
and T > O we set Q7 = Q2 x (0, T). For a functionu : Q7 — R,and 1 < p, g we

define the norms , ] .
|9, = / /|u|f’dx Par)?, (7.2)
ha=( ) (] wirax) a)
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and the corresponding Lebesgue spaces L?-7(Q2r) = L9([0, T'], L?(£2)). We will say
that A, BB are admissible symbols (in Q) if the following holds:

(1) (x,t) »> A(x,t,u, &), B(x, t,u, &) are measurable for every (u, &) € R x R™,
(i) (u,&) > Ax,t,u, &), B(x,t,u, &) are continuous for almost every (x, ) €
Qr,
(iii)) e For p = 2: There exist constants a,a > 0 and functions b, c, e, f,h €
1

LP9(Q) with p > 2, and ¢ given by 2% +7 < % and functions d, g €

L*P(Q)with1 < aand B given by %—k% < 1suchthatfora.e. (x,t) € Qr
and & € R™ one has

D AiCx.tou £)E > alg)* — bR — f,
i=1
A, t,u, )| < alé|+ elul +h,
IBGx.t,u, &) < clé|+dlul +g. (1.3)

In view of the conditions on p, g, «, B there exists & > 0 such that

- 2 N 1 1—-6
p=> and — + — < ——

1—-6 2p ¢ 2
> ! dN+l<1 6 (7.4)
[07 ana — — — 0. .
—1-0 200 B T

We say that a constant depends on the structure conditions (7.3), if it depends
only on 3

a,a, ||bll, [lcll, 1141, llell, LA, 11gl1 ALl N, 6,

and is uniformly bounded if these quantities are so.
e For p > 2 we will only consider 3 = 0 and ask that the following bounds

A tu, €) - & = AolelP, JAG, 1w, E) < AilEIPTY, (7.5)

hold for every (u, £) € R x R™ and almost every (x, t) € Q7.

Ap and A, are called the structural constants of A. If A and A are both admissible
symbols, with the same structural constants .4y and .A;, then we say that the symbols
are structurally similar.

Let E be a domain in M x R. We say that the function u : E — R is a weak
solution to

m
dux.t) = Lapu=— > X;fAi(x.t,u, Bu) +Bx.t,u, 8u),  (1.6)
i=l1

5 The || - || norms are in the appropriate LP+4 or L%P classes.

@ Springer



Regularity for subelliptic PDE. .. 221

in E, where X is the formal adjoint w.r.t. du, if whenever @, ;,, € E for some
domain @ C M, u € LP (11, t; W5 ()) and

1) 8 15)
/ / u—ndudt —/ / A(x,t,u, Bu) - En dudt
1 Q ot 1 Q

19)
—l—/ / Bx,t,u, Bu)n dudt =0, 7.7)
131 Q
for every test function

n € Wy (tr, 12 L)) N L (11, 12 W ().

A function u is a weak super-solution (sub-solution) to (7.6) in E if whenever
Q,., € E for some domain @ C M, we have u € LP(t, to; Wl*p(Q)), and the
left hand side of (7.7) is non-negative (non-positive) for all non-negative test func-
tions W2 (11, 12: L2 () N LP (11, 13 Wb ().

The main results in [1] and [18] can be summarized in the following theorem.

Theorem 7.5 Let (M, u, d) be a p-admissible structure for some fixed p € [2, 00).
For a bounded open subset Q C M, let u be a non-negative, weak solution to (7.6)
in an open set containing the cylinder Q x [0, Ty] and assume that the structure
conditions (7.5) are satisfied.

e For p = 2 and for any subcylinder Q3, = B(x,3p) X (tr — 9,02, 1) C Q there
exists a constant C > 0 depending on Cp, Cr, Cp, the structure conditions (7.3)
and on p such that

supu < Cinf(u + p’k), (7.8)
0" or

where
Ot =B(x,p) x ({—p>, D) and Q~ = B(x, p) x ( —8p>, T —7p>) (1.9)

0 > 0 is defined as in (7.4), and we have let k = || f|| + |Ig|| + ||A]].
e For p > 2: Assuming B = 0, there exist constants C1, C2, C3 > 1, depending

onlyon 8, Cp, Cp, Ao, A1, p, such that for almost all (xo, 70) € Q x [0, To], the
following holds: If u(xo, to) > 0, and if 0 < r < R(E, Q) (from Definition 7.1) is
sufficiently small so that

B(xo,8r) Cc Q and (tp—Cru(xg, t())ziprp, to+Cru(xo, to)zipi’p) C (0, Tp),

then
u(xop, tp) < Ca iréf u,

where

1
Q = B(xop, r) x (to + §C3M(XO, 10)>7Pr?, 19 + Cu(xo, to)z_prp).
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Furthermore, the constants C1, C2, C3 can be chosen independently of p as p —
2.

We conclude this section with a corollary of the proof in [18] [Lemma 3.6], a weak
Harnack inequality that plays an important role in the proof of the regularity of the
mean curvature flow for graphs over certain Lie groups established in [14]. Consider
a weak supersolution w € L? (¢, tp; Wé’p (£2)) of the linear equation

— dw — > X} (aij(x, )X jw) = g(x, 1), (7.10)

i=1

with 71, 1, Q as defined above. Assume the coercivity hypothesis

AT E < D angg <A D & (7.11)

d(i)=1 ij=1 d(i)=1
for a.e. (x, t) and all & € R™, for a suitable constant A.

Proposition 7.6 Let (M, w, d) be a 2-admissible structure. For a bounded open sub-
set Q C M, let w be a non-negative, weak supersolution to (7.10) in an open set
containing the cylinder 2 x [0, To] and assume that conditions (7.11) are satisfied.
For any subcylinder Q3, = B(x,3p) x (t — 9,02, f) C Q there exists a constant
C > Odepending on Cp, Cr, Cp, the structure conditions (7.3) and on p such that

w dxdt < C(iélfw+sup|g|p2), (7.12)

101 Jo- o

with QF, O~ as defined in (7.9).

8 Application II: regularity for quasilinear subelliptic PDE through
Riemannian approximation

Let G be a Carnot group of step two. We denote by g its Lie algebra and by g =
V! @ V2 its stratification. If go is a subRiemannian metric on V! we let dy denote
its corresponding CC metric, and X1, ..., X, a left-invariant orthonormal basis of
V1. Consider a smooth surface M C G. A point p € M is characteristic if the
horizontal distribution given by left translation of V! is entirely contained in the
tangent plane 7}, M. Equivalently, if M is represented as a O-level set of a function
f, the points where the horizontal gradient of the defining function does vanish are
called characteristic. At non-characteristic points several equivalent definitions for
the notion of horizontal mean curvature o have been proposed. To quote a few: hg
can be defined in terms of the legendrian foliation [22], first variation of the area
functional [19,22,30,49,75], as horizontal divergence of the horizontal unit normal
or as limit of the mean curvatures /. of suitable Riemannian approximating metrics
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e [19]. If the surface is not regular, the notion of curvature can be expressed in the
viscosity sense (we refer to [2,4,5,13,61,63,81,82] for viscosity solutions of PDE in
the sub-Riemannian setting). The formulation we use here is the following, at every
non-characteristic point p in the level set of f we set

ho(p) = D Xi (Xi f/IVoflo) -

i=1

The mean curvature flow is the motion of a surface where each points is moving
in the direction of the normal with speed equal to the mean curvature. In the total
variation flow the speed is the mean curvature, scaled by the modulus of the gradient.
Both flows play key roles in digital image processing as well as provide prototypes
for modeling motion of interfaces in a variety of physical settings.

As an illustration of the usefulness of the uniform estimates established above,
in this section we want to briefly sketch the strategy used in [14] and [17], where
the Riemannian approximation scheme is used to establish regularity for the graph
solutions of the Total Variation flow

m
Xi| —— (8.1)
; (v 1+ |V0M|2)
and for the graphical solutions of the mean curvature flow
=1+ |Voul? » Xi| — (8.2)
Z V1+ |V0u|2

In both cases 2 C G is a bounded open set, with G is a Lie group, free up to step
two, but not necessarily nilpotent. These equations describe the motions of the (non-
characteristic) hypersurfaces given by the graphs of the solutions in G x R.

We will consider solutions arising as limits of solutions of the analogue Riemannian
flows, i.e.

due _ ixe Xt forxeq, t=0 8.3)
= = N or x , >0, .
at ¢ el ! We
and
du X u "
€
a; = Wehe = WGZXG ( ) = > af;(Veu)X{ XSuc forx € Q. t >0,
ij=1
(8.4)
where, &, is the mean curvature of the graph of u (-, t) and
- 2 &i&j
W2 =1+ Veuc = 14> (Xfuc)” and af;(§) = 8;; — Téﬁ (8.5)

i=1
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forall £ € R".
The main results in [14] and [17] concern long time existence of solutions of the
initial value problems

e =heWe in Q =Q x(0,7) oiue =he N Q=0 x(0,7T)

and
Ue = @ ond,0, Ue = @ ond,Q,

(8.6)

with 9,0 = (2 x {t = 0}) U (02 x (0, T')) denoting the parabolic boundary of Q.

Theorem 8.1 Let G be a Lie group of step two, Q@ C G a bounded, open, convex
set (in a sense to be defined later) and ¢ € C*(Q). There exists unique solutions
ue € C®(2 x (0,00)) N L>®((0, 00), C1(Q)) of the two initial value problems in
(8.6), and for each k € N and K CC Q, there exists C, = Cr(G, ¢, k, K,2) > 0
not depending on € such that

luellck gy < Ck. 8.7

Corollary 8.2 Under the assumptions of Theorem 8.1, as € — 0 the solutions u¢ of
either flow converge uniformly (with all theirs derivatives) on compact subsets of Q to
the unique, smooth solution of the corresponding sub-Riemannian flow in Q x (0, 00)
with initial data ¢.

The proof of this result rests crucially on the estimates established in this paper. In
the following we list the main steps. First of all we note that in view of the short time
existence result in the Riemannian setting we can assume that locally u, are smooth
both in time and space.

8.1 Interior gradient bounds

Denote by right X/ the left invariant frame corresponding to Xs and observe that
these two frames commute. For both flows, consider solutions u, € C3( Q) and denote
vo = dsue, V; = X uc fori =i,...,n. Then forevery h =0, ..., n one has that vy,
is a solution of

v = X (aij X jvn) = af;(Veue) X§ XSvp + a " (Veu) X§ Xuc Xfvp,  (8.8)

where
. dat. 1 pipi
a" M (p)y = o af(p) = s (5” e )
opn” JT+pP U 1+ 1pP
for the total variation flow, while
ai'j’h(p) = —af] — aafh as(p) =§;i — —pipj
opn  dp; Yo+ p
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for the mean curvature flow. The weak parabolic maximum principle yields that there
exists C = C(G, ||@llc2(g)) > 0 such that for every compact subset K CC €2 one
has

sup |Viue| < sup(|Viue| + [0ruel),
Kx[0.7) 9,0

where V| is the full g; —Riemannian gradient. This yields the desired unform interior
gradient bounds. This argument works in any Lie group, with no restrictions on the
step.

8.2 Global gradient bounds

The proof of the boundary gradient estimates is more delicate and depends crucially
on the geometry of the space. In particular the argument we outline here only holds in
step two groups G and for domains 2 C G that are locally Euclidean convex when
expressed in the Rothschild-Stein preferred coordinates. As usual we note that the
function ve = ue — @ solves the homogenous ’boundary’ value problem

Pu)=0in Q= x (0, T)

ve =0 ond, 0, (8.9)
with b€ (x) = afj(nge(x) + Vego(x))Xfngo(x). and
Pv) = afj(Vev6 + VEgo)Xfva6 + b€ — 9v. (8.10)

Then we construct for each point py = (xg, tp) € 32 x (0, T') a barrier function:

Lemma 8.3 Let G be a Carnot group of step two and 2 C G convex in the Euclidean
sense. For each point py = (xo,1)) € 02 x (0, T) one can construct a positive
function w € C 2(Q) such that

Qw) <0in VN Q with V a parabolic neighborhood of po,
w(po) =0and w > ve in 9,V N Q. (8.11)

Proof In the hypothesis that 2 is convex in the Euclidean sense we have that every
xo € 0K2 supports a tangent hyperplane IT defined by an equation of the form IT(x) =
Z?:l a;x; = 0with IT > 0in Q, IT(xg) = 0, and normalized as Zd(i):l,z al.2 = 1.
Following the standard argument (see for instance [60, Chapter 10]) we prove that there
exists a function ® such that the barrier at (xg, #p) € 92 x (0, T') can be expressed in
the form w = & (I1). O

Now comparison with the barrier constructed above yields that

Proposition 8.4 Let G be a Carnot group of step two, @ C G a bounded, open,
convex (in the Euclidean sense) set and ¢ € Cz(Q). For € > 0 denote by u, €
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C2(2x (0, T))NCY( x (0, T)) the non-negative unique solution of the initial value
problem (8.6). There exists C = C(G, |l¢l|c2(gq)) > O such that

sup  |Veue| < sup  [Viue| <C. (8.12)
Q% (0,T) a2 x(0,T)

Proof

, 1 , 1

o oD WD gy, (8.13)
dists, (x, x0) ~ dists (x, x0)

in V N Q, with dists, (x, x9) being the distance between x and x¢ in the Riemannian

metric o1, concluding the proof of the boundary gradient estimates. O

8.3 Harnack inequalities and C1-* estimates

Let us first recall that (G, d¢) is a 2-admissible geometry in the sense of Definition 7.1,
with Doubling and Poincare constants uniform in € > 0, as we proved in Theorems
1.1 and 1.2.

The total variation equation is expressed in divergence form, hence also the Eq.
(8.8) satisfied by the right derivatives v, = Xju is in the same form. The mean
curvature flow is not in divergence form. However, arguing as in [60] it is possible
to show that there exists a regular, positive and strictly monotone function @ such
that @ (vy,) satisfies a divergence form equation. As a consequence we can apply the
Harnack inequalities in Theorem 7.5 and Proposition 7.6 to the bounded solutions vy,
(or ®(vp)), thus yielding the C* uniform interior estimates.

Corollary 8.5 Letting K be a compact set K CC Q, there exist constants o € (0, 1)
and C = C(K, a) > 0 such that foralli =1, ..., n one has that v = Xfu satisfies

vllce iy F1IVevll 2y = C,

uniformly in € € (0, 1).

8.4 Schauder estimates and higher order estimates

The uniform Gaussian estimates and Schauder estimates in Theorem 1.4 applied to
(8.8) yield the higher order estimates and conclude the proof. Once obtained the interior
C1-¢ estimate of the solution uniform in €, we write the mean curvature flow equation
in non divergence form:

n
due — D af(x, X Xue = 0.
i,j=1

Applying Schauder estimates in Proposition 6.2 we immediately deduce the proof of
Theorem 8.1.
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Proof of Theorem 8.1 Since the solution is of class C%, and the norm is bounded
uniformly in € then u. it is a solution of a divergence form equation

n
€ €ye,
Orlhe — Z aij(x, nX; Xjue =0,
i,j=1

with afj of class C* such that for every K be a compact sets such that K CC Q and
26 = do(K, 9, Q) there exists a positive constant C¢ such that

llag;llce , (ks) = Cos

for every € € (0, 1). Consequently, by Proposition 6.2 there exists a constant C5 such
that

Nuellczxy < Ca.

We now prove by induction that for every k € N and for every compact set K CC Q
there exists a positive constant C such that

||uf||Ck’;(K) S Ca (814)

for every € > 0. The assertion is true if k = 2, by Proposition 6.5. If (8.14) is true
for k + 1, then the coefficients afj belong to Cf; uniformly as € € (0, 1) and (8.14)
holds at the level k 4 2 by virtue of Proposition 6.2. O
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